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ABSTRACT
The p u r p o s e  o f  t h i s  s t u d y  i s  t o  i l l u s t r a t e  how t h e  
K o i t e r ’ s c o n c e p t  o f  i n l t i a l - p o s t b u c k l i n g  b e h a v i o r  can  
be  a p p l i e d  to  t h i n  s h e l l  s t r u c t u r e s  which e x h i b i t  
r e c t a n g u l a r  i m p e r f e c t i o n s .  Throughout  t h e  s t u d y ,  
s h a l lo w  s h e l l  s t r a i n  d i s p l a c e m e n t  i s  assumed i n  d e r i v i n g  
t h e  f i n a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n  f o r  t h e  b u c k l i n g  
a n a l y s i s .
Decay l e n g t h  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  i s  v a r i e d  
t o  o b t a i n  t h e  minimum p o t e n t i a l  e n e rg y  s i n c e  t h e  s h e l l  
b u c k l i n g  has a  weak d ep en d e n ce  on t h e  s h e l l  c u r v a t u r e .
L i n e a r  p r e b u c k l i n g  i s  assumed f o r  t h e  d i s p l a c e m e n t s  i n  
t h e  a x i a l  d i r e c t i o n  and f o r  m i d - s u r f a c e  d i s p l a c e m e n t s ,  b u t  
from t h e  d e f i n i t i o n  o f  p r e b u c k l i n g  t h e  e f f e c t  o f  n o n l i n e a r i t y  
w i t h  r e p e c t  t o  t h e  a x i a l  l o a d  i s  c o n s i d e r e d .
A computer  program  t o  c a l c u l a t e  t h e  r a t i o  o f  b i f u r c a t i o n  
p o i n t  l o a d  o f  t h e  i m p e r f e c t  s h e l l  t o  t h e  c l a s s i c a l  a x i a l  
l o a d  o f  t h e  p e r f e c t  s h e l l  i s  d e v e lo p e d .
xii
CHAPTER 1
INTRODUCTION
No t h i n  c y l i n d r i c a l  s h e l l  s t r u c t u r e  i s  f r e e  o f  i m p e r f e c t i o n .  
The p u r p o s e  o f  t h i s  s tu d y  i s  t o  i l l u s t r a t e  how t h e  K o i t e r ’ s 
c o n c e p t  o f  i n i t i a l - p o s t b u c k l i n g  b e h a v i o r  can  be a p p l i e d  to  
c y l i n d r i c a l  s h e l l  s t r u c t u r e s  which have r e c t a n g u l a r  f i n i t e  
I m p e r f e c t i o n s ,  A r e c t a n g u l a r  i m p e r f e c t i o n  i s  d e f i n e d  a s  a 
r e c t a n g u l a r  a r e a  where t h e  t h i c k n e s s  o f  t h e  i m p e r f e c t i o n  i s  
g r e a t e r  o r  s m a l l e r  t h a n  t h e  t h i c k n e s s  o f  t h e  r e m a in d e r  o f  
t h e  s h e l l .  A r e c t a n g u l a r  c u t o u t  i s  c o n s i d e r e d  t o  be a 
f i n i t e  i m p e r f e c t i o n  o f  t h e  s h e l l .
Review o f  P r e v i o u s  R e s e a r c h
Many t h i n  c y l i n d r i c a l  s h e l l  s t r u c t u r e s  r e q u i r e  c i r c u l a r  o r  
r e c t a n g u l a r  o p e n in g s  and t h e r e f o r e ,  c o n s i d e r a b l e  r e s e a r c h  
has been c o n d u c te d  on  t h e  s u b j e c t .  P r e v i o u s  r e s e a r c h  has  
been  c o n c e rn e d  w i t h  t h e  e x p e r im e n t s  o f  s h e l l s  h a v in g  a 
s i n g l e  c u t o u t  o r  s h e l l s  h a v in g  d i a m e t r i c a l l y  o p p o s i t e  
c u t o u t s .
S t a r n e s  [ 1 ]  ha s  c o n d u c te d  e x p e r i m e n t s  on t h e  e f f e c t  o f  a
s i n g l e  c i r c u l a r  o r  r e c t a n g u l a r  c u t o u t  i n  c y l i n d r i c a l  s h e l l s
and has  found  t h a t  t h e  p r e b u c k l i n g  i s  d e p e n d e n t  on t h e
1 /2
n o n - d i m e n s i o n a l  g e o m e t r i c  p a r a m e t e r  r  » r / ( R * T ^ )  where  
r  i s  c h a r a c t e r i s t i c  h o l e  d i m e n s i o n ,  R i s  t h e  p r i n c i p a l  
r a d i u s  o f  t h e  s h e l l ,  and i s  t h e  s h e l l  t h i c k n e s s .  An 
a p p ro x im a te  t h e o r e t i c a l  a n a l y s i s  was a l s o  done by S t a r n e s  
[ 1 ]  u s i n g  t h e  R a y l e i g h - R i t z  t y p e  o f  a p p r o a c h .  I n  a n o t h e r  
p a p e r  [2 ]  b a s e d  on t h e  work o f  L e k k e r k e r k e r  [ 3 ] ,  S t a r n e s  
h as  shown t h a t  t h e  p a r a m e t e r
2 1 /4  2 1 /2
M " ( 1 / 2 ) * ( 1 2 * ( 1 -  V ) )  * ( r  /R*T )
where v i s  P o i s s o n s  r a t i o ,  g o v e r n s  t h e  s o l u t i o n  o f  t h e  
p r e b u c k l i n g  s t r e s s  d i s t r i b u t i o n  and d i s p l a c e m e n t s  f o r  a  
c i r c u l a r  h o l e  i n  i t s  s i d e .  S t a r n e s  showed t h a t  t h e  
i n c r e a s e  i n  t h e  p r e b u c k l i n g  s t r e s s  f i e l d  due t o  c u t o u t s  
i s  v e r y  much r e s t r i c t e d  t o  t h e  l o c a l  a r e a  o f  t h e  c u t o u t  
r e g i o n  and c o n t a i n s  b o th  membrane and b e n d ing  s t r e s s  
i n c r e m e n t s .  Such s t r e s s  i n c r e m e n t s  a r e  found  t o  be  maximum 
a t  t h e  c u t o u t s  and d e ca y  r a p i d l y  away from t h e  c u t o u t .
K raus  [ 4 ]  h a s  p r o v i d e d  a  f o r m u la
2 2 2 Lg -  n(BT*T^/3*(l-v ))
f o r  a x i a l  o r  c i r c u m f e r e n t i a l  d e ca y  l e n g t h s  i n  c y l i n d r i c a l  
s h e l l s .
A t h e o r e t i c a l  and  e x p e r i m e n t a l  s t u d y  o f  t h e  b e h a v i o r  o f  
c y l i n d r i c a l  s h e l l s  w i t h  r e c t a n g u l a r  d i a m e t r i c a l l y  o p p o s i t e  
c u t o u t s  and s u b j e c t e d  t o  a x i a l  c o m p r e s s iv e  l o a d  was 
p r e s e n t e d  by A lm ro th  and Holmes [ 5 , 6 , 7 * 8 ] .  The a n a l y t i c a l  
s t u d i e s  were made u s i n g  t h e  com pu te r  program STAGS, The 
method p r e d i c t e d  t h e  e x p e r i m e n t a l l y  o b s e r v e d  s h e l l  b e h a v i o r  
w i t h i n  a  r e a s o n a b l e  a c c u r a c y .
A lm ro th  and Holmes s t u d i e d  t h e  i n f l u e n c e  o f  r e i n f o r c e m e n t s  
a ro u n d  t h e  c u t o u t s  and t h e y  showed t h a t  t h e  c r i t i c a l  l o a d  
was i n c r e a s e d  by u s e  o f  t h e  r e i n f o r c e m e n t ,  b u t  b e c a u s e  o f  
t h e  e f f e c t  o f  random g e o m e t r i c a l  i m p e r f e c t i o n  in  t h e  r e i n f ­
o r c e m e n t ,  t h e  a g re e m e n t  be tw een  t h e  t e s t  and  t h e o r y  was n o t  
a s  good a s  f o r  t h e  c y l i n d e r s  w i t h  u n r e i n f o r c e d  c u t o u t s .  I n  
a d d i t i o n ,  A lm ro th  [ 8 ] ha s  u se d  a m o d i f i e d  v e r s i o n  o f  t h e  
com puter  p rog ram  STAGS f o r  g e o m e t r i c  n o n l i n e a r  a n a l y s i s  o f  
s h e l l s  o f  g e n e r a l  shape  w i th  g e n e r a l  i m p e r f e c t i o n s .  The 
m o d i f i e d  STAGS program  u s e s  a  b i f u r c a t i o n  t y p e  a n a l y s i s  
and A lm ro th  found  t h i s  a p p ro a c h  d o e s  n o t  r e p r e s e n t  a t r u e  
s o l u t i o n  t o  t h e  p h y s i c a l  p r o b le m .  Prom h i s  g e o m e t r i c a l  
n o n l i n e a r  a n a l y s i s  i t  was c o n c lu d e d  t h a t  t h e  s h e l l  s t r u c t u r e  
a l l o w s  c o n s i d e r a b l e  r e d i s t r i b u t i o n  o f  s t r e s s e s  so  t h e  
b i f u r c a t i o n  b u c k l i n g  l o a d  may be o n ly  a sm a l l  f r a c t i o n  o f  
t h e  c o l l a p s e  l o a d .  The r e a s o n  f o r  t h i s  i s  c o n s i d e r a b l e  
d i s t o r t i o n  i n  g e o m e try  in  t h e  v i c i n i t y  o f  t h e  c u t o u t .  T h i s
f a c t  was v e r i f i e d  by c o m p a r iso n  w i t h  t h e  t e s t  r e s u l t s  
r e p o r t e d  i n  R e f e r e n c e  8,
Gorman e t  a l  [ 9 ]  c o n d u c te d  an  e x p e r i m e n t  on t h e  b u c k l i n g  o f  
c y l i n d r i c a l  s h e l l s  w i t h  g e n e r a l  i m p e r f e c t i o n s  and s t u d i e d  
t h e  e f f e c t  o f  l a r g e  p r e b u c k l i n g  d e f o r m a t i o n  by p h o t o e l a s t i c  
t e c h n i q u e s .  T h ese  t e c h n i q u e s  p r o v i d e d  a means t o  o b s e r v e  
and r e c o r d  t h e  r a p i d  c h an g e s  t h a t  t a k e  p l a c e  d u r i n g  t h e  
t r a n s i t i o n  f rom p r e b u c k l i n g  t o  t h e  b u c k l i n g  mode. Gorman 
e t  j J  u se d  Donnel  t y p e  e q u i l i b r i u m  e q u a t i o n s  and  t h e  G a l e r k i n  
method t o  o b t a i n  t h e o r e t i c a l  s t r e s s e s .  They d i d  n o t  
c o n s i d e r  t h e  i n i t i a l - p o s t b u c k l i n g  e f f e c t s  i n  t h e i r  a n a l y t i c a l  
s t u d i e s .  The e f f e c t  o f  n o n u n i fo rm  p r e b u c k l i n g  d e f o r m a t i o n s  
c au se d  by edge s u p p o r t s  which  r e d u c e s  th e  b u c k l i n g  l o a d s  o f  
c y l i n d r i c a l  s h e l l  was n o t  t a k e n  i n t o  a c c o u n t  i n  t h e  t h e o r e t ­
i c a l  a n a l y s i s  b u t  r e a l i z e d  i n  t h e  t e s t .  Hence t h e  assum­
p t i o n s  u s e d  i n  t h e o r y  d i d  n o t  a g r e e  w i t h  t h e  e x p e r i m e n t a l  
c o n d i t i o n s .
A lm roth  [ 1 0 ]  d e f i n e d  p r e b u c k l i n g  a s  a  r o t a t i o n  o f  t h e  
s t r u c t u r a l  e l e m e n t s  b e f o r e  b u c k l i n g ,  t h u s  i n t r o d u c i n g  t h e  
c o n c e p t  o f  n o n l i n e a r i t y  w i th  r e s p e c t  t o  t h e  l o a d  bu t  n o t  w i th  
r e s p e c t  t o  t h e  geometry*  A c c o rd in g  t o  R e f e r e n c e  10 t h e  
u l t i m a t e  l o a d  o f  s h e l l  w i t h  a  c u t o u t  when s u b j e c t e d  t o  a x i a l  
c o m p re s s iv e  l o a d  i s  go v e rn e d  by c o l l a p s e  a f t e r  c o n s i d e r a b l e  
d i s t o r t i o n  o f  g e o m e try  by b i f u r c a t i o n  b u c k l i n g .
A s u r v e y  a r t i c l e  [1 1 ]  on p o s t b u c k l i n g  t h e o r y  shows t h a t  
numerous p a p e r s  d e s c r i b i n g  t h e o r i e s  f o r  i m p e r f e c t i o n s  a r e  
a v a i l a b l e .  Yet t h e r e  i s  no g e n e r a l  method t o  f i n d  t h e  
r e a l i s t i c  b i f u r c a t i o n  l o a d  f o r  a  t h i n  s h a l lo w  c y l i n d r i c a l  
s h e l l  o f  f i n i t e  l e n g t h  h a v in g  a r e c t a n g u l a r  I m p e r f e c t i o n  
s u b j e c t e d  t o  a x i a l  co m p re ss iv e  l o a d .  The s u r v e y  a r t i c l e  
f u r t h e r  s u g g e s t s  c a l c u l a t i o n s  t o  e x p l o r e  t h e  p o s s i b i l i t i e s  
o f  i n l t i a l - p o s t b u c k l i n g  t h e o r y  a r e  n e c e s s a r y  t o  p r e d i c t  th e  
r e a l i s t i c  b i f u r c a t i o n  p o i n t  l o a d  f o r  t h i n  I m p e r f e c t  
c y l i n d r i c a l  s h e l l s .
Most o f  t h e  above  c i t e d  l i t e r a t u r e s  p l a c e s  e m p h a s i s  on t h e  
e x p e r i m e n t a l l y  d e t e r m i n e d  c o l l a p s e  l o a d .  The a n a l y t i c a l  
s t u d i e s  r e p o r t e d  i n  t h e s e  l i t e r a t u r e s  c o n s i d e r e d  o n l y  
a n a l y s i s  b a sed  on  b i f u r c a t i o n  t y p e  b u c k l i n g .  The p r e d i c t e d  
b i f u r c a t i o n  b u c k l i n g  l o a d s  were o n l y  a f r a c t i o n  o f  t h e  
e x p e r i m e n t a l l y  d e te r m i n e d  c o l l a p s e  l o a d .  S t u d i e s  [ 5 , 6 , 7 , 8 ]  
o f  g e n e r a l  s h e l l s  w i th  c u t o u t s ,  some o f  which were f o r  
c y l i n d r i c a l  s h e l l s ,  have shown t h a t  t h e  a n a l y s i s  o f  s h e l l s  
s u b j e c t e d  t o  m o d e ra te  a x i a l  l o a d s  must  i n c l u d e  t h e  e f f e c t  o f  
g e o m e t r i c a l  n o n l i n e a r i t y .  T h e r e f o r e ,  an  i n i t i a l - p o s t b u c k l i n g  
a n a l y s i s  must be made i f  a  r e a l i s t i c  b u c k l i n g  i s  t o  be 
o b t a i n e d .
I n l t i a l - p o s t b u c k l i n g  t h e o r y  a s  d e v e lo p e d  by K o i t e r  [ 1 2 ] ,  i s  
s u i t e d  f o r  t h e  deve lopm ent  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r
p o t e n t i a l  e n e r g y  o f  an  I m p e r f e c t  t h i n  c y l i n d r i c a l  s h e l l  
s u b j e c t e d  t o  a x i a l  c o m p re s s iv e  l o a d ,  K o i t e r  u sed  t h e  
p r i n c i p l e  o f  minimum p o t e n t i a l  e n e r g y  t o  d e r i v e  an asymp­
t o t i c  t e c h n i q u e  t h a t  g i v e s  an  a p p r o x i m a t i o n  f o r  i n i t i a l -  
p o s t b u c k l i n g  b e h a v i o r  and i m p e r f e c t i o n  s e n s i t i v i t y  o f  s t r u c ­
t u r e s .  K o i t e r ’ s t e c h n i q u e ,  and p a r a l l e l  m ethods  t h a t  have 
been  d e v e lo p e d  i n d e p e n d e n t l y  by o t h e r  r e s e a r c h e r s ,  have  been 
used  t o  i n v e s t i g a t e  t h e  b e h a v i o r  o f  a number o f  t h i n  s h e l l  
s t r u c t u r e s  [ 1 3 , 1 ^ , 1 5 * 1 6 ] ,  A n e c e s s a r y  and a b s o l u t e  
c o n d i t i o n  t o  a p p ly  K o i t e r ’ s method i s  t h e  d e t e r m i n a t i o n  o f  
t h e  p r i m a r y  e q u i l i b r i u m  p a t h  o f  t h e  p e r f e c t  s t r u c t u r e  U, as  
an  e x p l i c i t  f u n c t i o n  o f  t h e  a p p l i e d  l o a d  p a r a m e t e r  The
main f e a t u r e  o f  K o i t e r ’ s method o f  a n a l y s i s  i s  t h a t ,  a f t e r  
t h e  p r im a r y  e q u i l i b r i u m  p a t h  h a s  been  d e t e r m i n e d ,  t h e  
r e m a i n i n g  n o n l i n e a r  p rob lem  i s  c o n v e r t e d  i n t o  a s e r i e s  o f  
l i n e a r  p r o b l e m s .  B ecause  t h e  i n t e r e s t  i s  p o i n t e d  t o w a rd s  
t h e  r e g i o n  o f  t h e  b i f u r c a t i o n  l o a d  t h e  n o n l i n e a r  a n a l y s i s  
i s  r e d u c e d  t o  a n  e q u i v a l e n t  o f  one  o r  two l i n e a r  a n a l y s e s .  
T h i s  i s  o n ly  a  s l i g h t  d e p a r t u r e  f rom t h e  l i n e a r i z e d  
s t a b i l i t y  a n a l y s i s  b u t  i s  a  l o t  e a s i e r  t h a n  t h e  d i r e c t  
n o n l i n e a r  s t a b i l i t y  a n a l y s i s .
The s t a b i l i t y  o f  t h i n  c y l i n d r i c a l  s h e l l s  i s  more complex in  
n a t u r e  s i n c e  t h e y  a r e  v e r y  s e n s i t i v e  t o  any  s o r t  o f  
i m p e r f e c t i o n  t h a t  i s  i n h e r e n t  i n  t h e  s h e l l  s t r u c t u r e s .  For  
an  i m p e r f e c t  s h e l l  a c c o r d i n g  t o  t h e  K o i t e r ’ s t h e o r y  t h e r e  a r e
two s t a g e s  o f  b u c k l i n g ,  one i s  t h e  p r e b u c k l e d  s t a g e  
( p r im a r y  e q u i l i b r i u m  p a t h  ) and t h e  o t h e r  t h e  b u c k le d  
s t a g e  ( n o n l i n e a r  b e h a v i o r  )* Hence I t  I s  r e a l i s t i c  t o  
c o n s i d e r  t h e  l l n ë a r  p r e b u c k l i n g  b e h a v i o r  b e c a u se  d u r i n g  
t h e  I n i t i a l  s t a g e s  o f  l o a d i n g  t h e  e l e m e n t s  o f  t h e  s t r u c t u r e  
a r e  c o n s i d e r e d  t o  be r o t a t i o n  f r e e , t h a t  I s ,  t h e  g e o m e try  
o f  t h e  s h e l l  s t r u c t u r e  I s  s u b s t a n t i a l l y  u n a l t e r e d  p r i o r  t o  
b u c k l i n g  [ 1 6 ] ,  and a l s o  I f  t h i s  p r i m a r y  e q u i l i b r i u m  p a t h  I s  
n o t  l i n e a r  t h e  a n a l y t i c a l  a p p l i c a t i o n  o f  K o i t e r ’ s method 
becomes a  d i f f i c u l t  t a s k .
The c o n c e p t  o f  I n l t i a l - p o s t b u c k l i n g  t h e o r y  I s  d e v e lo p e d  by 
K o i t e r  [ 1 2 ]  a p p e a l e d  t o  t h e  a u t h o r  a s  t h e  most  e f f i c i e n t  
and  r e a l i s t i c  a n a l y t i c a l  a p p r o a c h  t h a t  can be  f i t t e d  t o  t h e  
p r e s e n t  s t u d y .
Method o f  A n a l y s i s
In  t h i s  p r e s e n t a t i o n , t h e  p r e b u c k l i n g  s t a g e s  a r e  a n a l y z e d  by 
w r i t i n g  t h e  p o t e n t i a l  e n e rg y  e x p r e s s i o n  f o r  b o t h  s t r e t c h i n g  
and b e n d in g ,  A s u i t a b l e  d i s p l a c e m e n t  f u n c t i o n  In  c o n f o r m i t y  
w i t h  t h e  n a t u r e  o f  t h e  I m p e r f e c t i o n  i s  assumed and I n t e g r a t e d  
o v e r  t h e  a r e a  o f  t h e  I m p e r f e c t i o n  and t h e  s h e l l .  The 
I m p o r t a n t  f a c t o r s  t h a t  have t o  be c o n s i d e r e d  f o r  t h e  assum­
p t i o n  o f  t h e  d i s p l a c e m e n t  f u n c t i o n  I s  t h e  p o s s i b l e  mode o f  
b u c k l i n g  In  t h e  v i c i n i t y  o f  t h e  I m p e r f e c t i o n  and  th e  e f f e c t  
o f  d i s c o n t i n u i t y  due t o  t h e  p r e s e n c e  o f  t h e  r e c t a n g u l a r
I m p e r f e c t i o n .  The i n t e g r a t e d  p o t e n t i a l  e n e r g y  e x p r e s s i o n  
f o r  t h e  p r e b u c k l i n g  s t a g e ,  i n c l u d i n g  t h e  i m p e r f e c t  d i s p l a c ­
ement f u n c t i o n ,  i s  t h e n  p a r t i a l l y  d i f f e r e n t i a t e d  w i t h  
r e s p e c t  t o  t h e  c o n s t a n t s  i n  t h e  assumed d i s p l a c e m e n t  
f u n c t i o n .  The r e s u l t  i s  a  sym m etr ic  m a t r i x  on t h e  l e f t  hand 
s i d e  and t h e  l o a d  m a t r i x  on t h e  r i g h t  hand s i d e .  The o r d e r  
o f  t h e  m a t r i x  w i l l  be e q u a l  t o  t h e  number o f  c o n s t a n t s  
p r e s e n t  i n  t h e  assumed d i s p l a c e m e n t  f u n c t i o n .  The p r e b u c k -  
l i h g  e q u a t i o n s  a r e  t h e n  s o l v e d  t o  d e t e r m i n e  t h e  c o n s t a n t s  
o f  t h e  assumed d i s p l a c e m e n t  f u n c t i o n  f o r  a  u n i t  a p p l i e d  l o a d  
p a r a m e t e r  X. The c o n s t a n t s  a r e  t h e n  s u b s t i t u t e d  i n t o  t h e  
b u c k l i n g  d i f f e r e n t i a l  e q u a t i o n .
The b u c k l i n g  d i f f e r e n t i a l  e q u a t i o n  i s  d e r i v e d  by u s i n g  
K o i t e r ' s  s t a b i l i t y  c o n c e p t ,  which  i s  a s  f o l l o w s ;  L e t  t h e  
d i s p l a c e m e n t  o f  t h e  e q u i l i b r i u m  s t a g e  be d e n o te d  by and 
t h o s e  o f  t h e  n e i g h b o r i n g  s t a t e  by (U^+ u ^ ) .  Then t h e  
e n e r g y  c r i t e r i o n  o f  s t a b i l i t y  r e q u i r e s  t h a t  t h e  p o t e n t i a l  
e n e r g y  o f  t h e  s t r u c t u r e  i n  t h e  b a s i c  e q u i l i b r i u m  s t a t e  i s .
P(U,+ u . )  > P ( U . )    ( 1 , 1 )i  i  -  1
where t h e  p o t e n t i a l  e n e r g y  P i s  t h e  i n t e g r a l  o v e r  t h e  e n t i r e  
s t r u c t u r e .  The i n t e g r a n d s  o f  P(U^+ u ^ )  may be expanded  
u s i n g  T a y l o r  e x p a n s i o n .  F o r  a homogeneous f u n c t i o n  o f  
o r d e r  i n  , t h e  sum o f  t h e  i n t e g r a l s  f o r  t h e  s t a b i l i t y
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c r i t e r i o n  i s
P(Ui+ u^ )  -  P(U^) -  P ^ (u )  + P g (u )  + Pg(u)  + P%(u)
+ > 0 ( 1 . 2 )
[ t h e  s u b s c r i p t s  f o r  u a r e  l e f t  o u t  f o r  s i m p l i c i t y  ]
where  P ^ (u )  a r e  t h e  f i r s t  o r d e r  t e r m s  o f  t h e  i n t e g r a n d ,
P^Cu) a r e  t h e  se co n d  o r d e r  t e r m s ,  e t c .  F o r  an  e q u i l i b r i u m  
s t a t e  P ^ (u )  “ 0 ,  P2 (u )>  0 e s t a b l i s h e s  t h e  s t a b i l i t y  
c r i t e r i o n ,  i f  P g (u )  v a n i s h e s  t h e  c r i t e r i o n  f o r  s t a b i l i t y  
must be  r e e x a m i n e d .  The n e c e s s a r y  and a b s o l u t e  c o n d i t i o n  
i s  t h e n
P g (u )  » 0 and Pl | (u)>  0 ( 1 . 3 )
and so  f o r t h .  I t  i s  s i g n i f i c a n t  t h a t  K o i t e r ’ s i n i t i a l -  
p o s t b u c k l i n g  t e c h n i q u e  i s  a p p l i c a b l e  o n l y  t o  s t r u c t u r e  
w hich  e x h i b i t  a  b i f u r c a t i o n  p o i n t  t y p e  o f  b u c k l i n g .
T ak in g  t h e  second  o r d e r  t e r m s  f o r  t h e  s t a b i l i t y  c r i t e r i o n ,  
a  s u i t a b l e  b u c k l i n g  d i s p l a c e m e n t  s e r i e s  s o l u t i o n  i s  assumed,  
The assumed d i s p l a c e m e n t  f u n c t i o n  a s  a s o l u t i o n  o f  t h e  
s t a b i l i t y  e x p r e s s i o n  must  be c o n t i n u o u s l y  d i f f e r e n t i a b l e ,  
s h o u ld  h ave  f i n i t e  i n t e g r a l s  and s h o u ld  e x h i b i t  u n i fo rm  
c o n v e r g e n c e .  The F o u r i e r  d o u b le  s e r i e s  so assumed
r e p r e s e n t s  v a r i o u s  b u c k l i n g  modes b o th  I n  t h e  a x i a l  and 
In  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  t h a t  t h e  s h e l l  s t r u c t u r e  
can assume b e f o r e  I t  b i f u r c a t e s  t o  t h e  b u c k l i n g  c o n f i g u ­
r a t i o n .  The d e r i v a t i v e s  o f  t h e  d i s p l a c e m e n t  f u n c t i o n s  
a r e  t h e n  I n c l u d e d  I n  t h e  b u c k l i n g  d i f f e r e n t i a l  e q u a t i o n ,  
which  I s  t o  be I n t e g r a t e d  o v e r  t h e  a r e a  o f  I m p e r f e c t i o n  
and t h e  s h e l l  f o r  b o t h  s t r e t c h i n g  and  b e n d in g .  The 
I n t e g r a t e d  s t a b i l i t y  e q u a t i o n  I s  t h e n  p a r t i a l l y  d i f f e r e n ­
t i a t e d  w i t h  r e s p e c t  t o  t h e  c o n s t a n t s  o f  t h e  assumed 
b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n  t o  form a  b u c k l i n g  d e t e r m i ­
n a n t .  S in c e  t h e  l i n e a r  p r e b u c k l i n g  I s  a ssum ed ,  t h e  
a n a l y s i s  o f  s t a b i l i t y  I s  r e l a t i v e l y  s i m p l e .  A l l  t h e  
p r e b u c k l i n g  d i s p l a c e m e n t  components can  be e x p r e s s e d  a s  a 
lo a d  f a c t o r  A and t h e i r  v a l u e s  f o r  a u n i t  l o a d .  T h ere  I s  
no need  In  t h a t  c a s e  to  e v a l u a t e  t h e  d e t e r m i n a n t  o f  t h e  
c o e f f i c i e n t  m a t r i x  f o r  a s e r i e s  o f  I n c r e a s i n g  v a l u e s  o f  t h e  
lo a d  p a r a m e t e r .  The c r i t i c a l  v a lu e  o f  X can  be d i r e c t l y  
d e t e r m i n e d  a s  t h e  e i g e n v a l u e  X ^^def lned  by an  e q u a t i o n  o f  
t h e  form
D et[  A + XB ] -  0 .......... ( 1 . 4 )
f o r  t h e  b u c k l i n g  a n a l y s i s .
O r g a n i z a t i o n  o f  t h e  P r e s e n t  S tudy
The f i r s t  p a r t  o f  C h a p te r  1 d e s c r i b e s  e x p e r i m e n t s  on t h e
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i m p e r f e c t  c y l i n d r i c a l  s h e l l  s t r u c t u r e  s u b j e c t e d  t o  a x i a l  
c o m p r e s s iv e  l o a d .  However, i t  seemed d e s i r a b l e  t o  g i v e  a 
b r i e f  summary on t h e  i n i t i a l - p o s t b u c k l i n g  t h e o r y  d e v e lo p ed  
by K o i t e r  which i s  b e s t  s u i t e d  f o r  i m p e r f e c t  c y l i n d r i c a l  
s h e l l s  s u b j e c t e d  t o  a x i a l  c o m p r e s s iv e  l o a d .
I n  C h a p te r  2 t h e  g e n e r a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n  i s  
d e r i v e d  f o r  t h e  b u c k l i n g  a n a l y s i s  c o n s i d e r i n g  t h e  i n i t i a l  
i m p e r f e c t i o n s  a s  t h e  c o e f f i c i e n t s  o f  d e r i v a t i v e s  o f  t h e  
b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n s .  N o n l i n e a r  s t r a i n  d i s p l a ­
cement r e l a t i o n s  a r e  c o n s i d e r e d  w h i l e  d e r i v i n g  th e  r e s u l t a n t  
s t r a i n s  due t o  t h e  i n i t i a l  and t o t a l  s t r a i n s .  These 
r e s u l t a n t  s t r a i n s  a r e  s u b s t i t u t e d  i n  t h e  p o t e n t i a l  e n e rg y  
e x p r e s s i o n  and t h e  c o n ce p t  o f  K o i t e r  i s  f i t t e d  ( second  
o r d e r  t e r m s  f o r  s t a b i l i t y  ) to  o b t a i n  th e  f i n a l  p o t e n t i a l  
e n e r g y  e x p r e s s i o n  f o r  t h e  b u c k l i n g  a n a l y s i s .
In  C h a p te r  3, t h e  p r e b u c k l i n g  a n a l y s i s  i s  c a r r i e d  o u t  by 
c o n s i d e r i n g  t h e  l i n e a r  s t r a i n  d i s p l a c e m e n t  r e l a t i o n s h i p .
The e f f e c t  o f  c i r c u m f e r e n t i a l  d e ca y  l e n g t h  i s  i n c l u d e d  in  
a ssum in g  t h e  p r e b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n s .  The 
e f f e c t  o f  p r e b u c k l i n g  on t h e  s t a b i l i t y  o f  a c y l i n d r i c a l  
s h e l l  i n  t h e  p r e s e n c e  o f  r e c t a n g u l a r  I m p e r f e c t i o n  i s  c o n s i d ­
e r e d  and  t h e  c o r r e s p o n d i n g  p a r a m e t e r s  d e r i v e d .  The 
c o n s t a n t s  assumed i n  t h e  p r e b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n s  
a r e  o b t a i n e d  by p a r t i a l l y  d i f f e r e n t i a t i n g  t h e  p r e b u c k l i n g
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e n e rg y  w i t h  r e s p e c t  t o  t h e  c o n s t a n t s ,  and a ssu m in g  t h e  
l o a d  p a r a m e t e r  A as  u n i ty *
C h a p te r  4 I s  c o n c e rn e d  w i th  th e  b u c k l i n g  a n a l y s i s  o f  t h e  
s h e l l  w i t h  r e c t a n g u l a r  I m p e r f e c t i o n .  The d i s p l a c e m e n t  
f u n c t i o n  a s  a  d o u b l e  F o u r i e r  s e r i e s  i s  a s sum ed .  The s e r i e s  
d i s p l a c e m e n t  f u n c t i o n s  a r e  assumed b e c a u s e  o f  t h e  f a c t  t h a t  
t h e  b u c k l i n g  modes I n  c i r c u m f e r e n t i a l  d i r e c t i o n  i s  d e p en d e n t  
upon t h e  c u r v a t u r e  s t r a i n s  I n  t h e  p r e s e n c e  o f  a  r e c t a n g u l a r  
i m p e r f e c t i o n .  T h ese  c u r v a t u r e  s t r a i n s  p r e d o m in a te  in  
making t h e  s h e l l  s t r u c t u r e  t o  b i f u r c a t e  e a r l i e r  t h a n  t h e  
so c a l l e d  c l a s s i c a l  b u c k l i n g .  The d e r i v a t i v e s  and  t h e i r  
c o n s t i t u e n t s  o f  t h e  assumed d i s p l a c e m e n t  f u n c t i o n  f o r  t h e  
b u c k l i n g  a n a l y s i s  a r e  fo rm ed b e f o r e  s u b s t i t u t i n g  them in  
t h e  f i n a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n .  The i n t e g r a t i o n  o f  
t h e  f i n a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n  o v e r  t h e  a r e a  o f  
r e c t a n g u l a r  i m p e r f e c t i o n  and  t h e  a r e a  o f  t h e  c y l i n d r i c a l  
s h e l l  i s  s e p a r a t e d  i n  such  a  manner so a s  t o  g i v e  t h e  
e f f e c t  o f  d i s c o n t i n u i t y  o f  e n e r g y  I n  t h e  p r e s e n c e  o f  a 
r e c t a n g u l a r  I m p e r f e c t i o n .  The s e p a r a t e d  p o t e n t i a l  e n e r g y  
e x p r e s s i o n s  a r e  e n e r g y  due t o  s t r e t c h i n g  and e n e r g y  due t o  
b e n d in g .  The f i n a l  p o t e n t i a l  e n e r g y  c o n t a i n s  o n l y  t h e  
second  o r d e r  d e r i v a t i v e s  o f  t h e  assumed d i s p l a c e m e n t  f u n c ­
t i o n s  and t h e  f i r s t  o r d e r  d e r i v a t i v e s  o f  t h e  I m p e r f e c t i o n  
d i s p l a c e m e n t  f u n c t i o n s  which a c t  a s  t h e  c o e f f i c i e n t s  o f  t h e
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f i n a l  p o t e n t i a l  e n e r g y  e q u a t io n »  The f u n c t i o n s ,  a l l  o f  
which  a r e  u n d e r  t h e  summation s i g n ,  a r e  p a r t i a l l y  d i f f e r e ­
n t i a t e d  w i t h  r e s p e c t  t o  t h e  c o n s t a n t s  t o  form homogeneous 
e q u a t i o n s  i n  t e r m s  o f  t h e  c o n s t a n t s  o f  t h e  assumed b u c k l i n g  
d i s p l a c e m e n t  f u n c t i o n s .  S in c e  t h e r e  a r e  t h r e e  c o n s t a n t s  
in  t h e  assumed b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n s ,  t h e r e  w i l l  
be a  t h r e e  by t h r e e  d e t e r m i n a n t .  The e l e m e n t s  o f  t h e  
d e t e r m i n a n t  a r e  sym m etr ic  w i t h  r e s p e c t  t o  t h e  main d i a g o n a l .  
The l e a s t  and  c o n s i s t a n t  p o s i t i v e  e i g e n v a l u e  w i l l  g i v e  r a i s e  
t o  b i f u r c a t i o n  p o i n t  l o a d  p a r a m e t e r ,  which i s  t h e  r a t i o  o f  
c r i t i c a l  l o a d  and t h e  c l a s s i c a l  b u c k l i n g  l o a d .
C h a p te r  5 d e s c r i b e s  t h e  d e v e lop m en t  o f  com puter  program  t o  
o b t a i n  t h e  b i f u r c a t i o n  p o i n t  l o a d  p a r a m e t e r  n u m e r i c a l l y .
Most o f  t h e  e l e m e n t s  o f  t h e  e n t i r e  a n a l y s i s  ( p r e b u c k l i n g  
and b u c k l i n g  ) a r e  c o n v e r t e d  i n t o  n o n - d i m e n s i o n a l  fo rm ,  
w hich  f a c i l i t a t e s  t h e  o b t a i n i n g  o f  t h e  main  p a r a m e t e r s  o f  
t h e  t h i n  c y l i n d r i c a l  s h e l l .  The v a r i a t i o n  o f  t h e s e  
p a r a m e t e r s  a lo n g  w i t h  t h e  number o f  t e r m s  i n  t h e  s e r i e s  
e x p a n s i o n  d e c i d e s  t h e  b i f u r c a t i o n  p o i n t  l o a d  p a r a m e t e r .
The l a s t  o f  t h i s  c h a p t e r  i s  t h e  d i s c u s s i o n  o f  t h e  r e s u l t s  
f rom t h e  com puter  p rog ram .
The e n t i r e  s t u d y  on t h e  e f f e c t  o f  r e c t a n g u l a r  i m p e r f e c t i o n  
on  t h e  a x i a l  c o m p r e s s iv e  l o a d  c a r r y i n g  c a p a c i t y  o f  t h i n  
c y l i n d r i c a l  s h e l l  i s  summarized  i n  C h a p te r  6 .
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CHAPTER 2 
POTENTIAL ENERGY FORMULATION
2 ,1  F i n a l  P o t e n t i a l  E n ergy
In  t h i s  s e c t i o n  t h e  f i n a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n  f o r  
t h e  g e n e r a l  c a s e  f o r  t h e  b u c k l i n g  a n a l y s i s  I s  d e r i v e d  by 
c o n s i d e r i n g  t h e  L a g r a n g la n  and  t h e  n o n l i n e a r  s t r a i n  
d i s p l a c e m e n t  r e l a t i o n s .  F i n a l  p o t e n t i a l  e n e r g y  I s  d e f i n e d  
h e r e ,  a s  t h e  t e r m s  c o n t a i n i n g  t h e  s e c o n d  d e r i v a t i v e s  o f  
t h e  b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n  and  t h e  c o e f f i c i e n t s  
a s  t h e  f i r s t  d e r i v a t i v e s  o f  t h e  I m p e r f e c t i o n  d i s p l a c e m e n t  
f u n c t i o n s .  Here  g e n e r a l  c a s e  means t h e  I m p e r f e c t  s t r a i n  
d i s p l a c e m e n t  r e l a t i o n s h i p  ( u n s t r e s s e d  s t a t e )  I s  I n c l u d e d  
In  f o r m u l a t i n g  t h e  f i n a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n  f o r  
t h e  b i f u r c a t i o n  p o i n t  l o a d  a n a l y s i s .  The r e s u l t a n t  
s t r a i n s  o f  t h e  I m p e r f e c t  s t r a i n  d i s p l a c e m e n t  f u n c t i o n s  
a r e  e x p l i c i t l y  d e r i v e d .  I t  I s  n o t e d  t h a t  t h e  m id d le  
s u r f a c e  s t r a i n s  and n o n l i n e a r  t e rm s  a r e  n e g l e c t e d  In  
R e f e r e n c e  l 6 In  a r r i v i n g  a t  t h e  r e s u l t a n t  s t r a i n s  due t o  
I m p e r f e c t i o n ,  and t h e  same h a s  been done h e r e  f o r  t h e  
t o t a l  p o t e n t i a l  e n e r g y  f o r m u l a t i o n .  The r e s u l t a n t  s t r a i n s
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so  o b t a i n e d  a r e  th e n  s u b s t i t u t e d  i n  t h e  t o t a l  p o t e n t i a l  
e n e rg y  e x p r e s s i o n .
T o t a l  p o t e n t i a l  e n e rg y  i s  t h e  sum o f  t h e  s t r e s s e d  s t a t e  
and t h e  u n s t r e s s e d  p o t e n t i a l  e n e r g i e s .  The e n e r g i e s  in  
t h e  s t r e s s e d  and t h e  u n s t r e s s e d  s t a t e  c o n s i s t  o f  b o t h  t h e  
s t r e t c h i n g  and b e n d in g  s t r a i n  d i s p l a c e m e n t  d e r i v a t i v e s .
The t o t a l  p o t e n t i a l  e n e rg y  c o n s i s t s  o f  t e rm s  up t o  f o u r t h  
o r d e r  i n  t e rm s  o f  p a r t i a l  d e r i v a t i v e s  o f  t h e  s t r a i n  
d i s p l a c e m e n t  f u n c t i o n s .  By u s i n g  t h e  i n i t i a l - p o s t b u c k l i n g  
c o n c e p t  a s  d e v e lo p e d  by K o i t e r ,  t h e  f i n a l  p o t e n t i a l  e n e rg y  
i s  f o r m u l a t e d , w h i c h  i s  t h e  secon d  o r d e r  t e r m s  i n  t h e  t o t a l  
p o t e n t i a l  e n e r g y .  T hese  s e c o n d  o r d e r  t e r m s  i n  t h e  f i n a l  
p o t e n t i a l  e n e rg y  e x p r e s s i o n  w i l l  s a t i s f y  t h e  s t a b i l i t y  
c r i t e r i o n  and a r e  u se d  f o r  t h e  c a l c u l a t i o n  o f  b i f u r c a t i o n  
p o i n t  b u c k l i n g .  T h i s  method o f  a n a l y s i s  i s  a s y m p t o t i c a l l y  
e x a c t  a t  t h e  b i f u r c a t i o n  p o i n t  l o a d  [ 1 1 ] .  In o t h e r  words 
i t  can  be c a l l e d  a s  i n i t i a l - p o s t b u c k l i n g  t h e o r y .
The second  o r d e r  t e r m s  o f  t h e  f i n a l  p o t e n t i a l  en e rg y  
f o r m u l a t i o n  c o n s i s t  o f  t h e  seco n d  d e r i v a t i v e s  o f  t h e  
b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n s  and  t h e  c o e f f i c i e n t s  a s  
t h e  f i r s t  d e r i v a t i v e s  o f  t h e  p r e b u c k l i n g  d i s p l a c e m e n t  
f u n c t i o n s .  T h i s  w i l l  form a f i n a l  s t a b i l i t y  e x p r e s s i o n  
f o r  a n  i m p e r f e c t  t h i n  s h a l l o w  c y l i n d r i c a l  s h e l l  f o r  
b i f u r c a t i o n  p o i n t  l o a d  a n a l y s i s .
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F o l lo w in g  i s  t h e  p o t e n t i a l  e n e rg y  e x p r e s s i o n s  f o r  t h e  
g e n e r a l  c a s e  c o n s i d e r i n g  t h e  L a g r a n g la n .
The p o t e n t i a l  e n e r g y  f o r  t h e  u n s t r e s s e d  i s  :
P ( u ° ,w ° )  -  j / ( C / 2 ( e ° ^ +  6*2+ 2ve0e°  + 2 ( 1-  )
X y X y xy
+ (D/2(x°% +2vxJxJ + 2(l-v) x°y )
+XN®e® + pw°) d x .d y  ( 2 . 1 )
S i m i l a r l y ,  p o t e n t i a l  e n e r g y  f o r  t h e  s t r e s s e d  s t a t e  I s  
g iv e n  by:
P(U,V,W) .  / / ( C /2 ( e '^ ^ +  e^^+2ve^E ^+2<l-v )E^^  )
X y X y X y
m 2  m 2  m m m 2
+ D / 2 ( x %  +  X y  + 2 . X , X y + 2 ( l -  " ) x x y  >
+ + pW ) d x .d y  ( 2 . 2 )
where  U * u  + u ° , V » v , W « w  + w°  ( 2 . 3 )
and  C,D a r e  t h e  s t r e t c h i n g  and b e n d in g  r i g i d i t i e s .
By K o i t e r ' s  c o n c e p t ,  t h e  t o t a l  p o t e n t i a l  en e rg y  i s  
P -  P(U,V,W) -  P(Uq,Wq)
-  P^(U,V,W) + P 2 (U,V,W) + Pg(U,V,W) + P%(U,V,W) +
.........................................  ^ 0  ( 2 . 4 )
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2 ,2  N o n l i n e a r  S t r a i n  D i s p la c e m e n t  R e l a t i o n s
The f o l l o w i n g  e q u a t i o n s  a r e  t h e  s t r e t c h i n g  n o n l i n e a r  
s t r a i n  d i s p l a c e m e n t  r e l a t i o n s  f o r  b o t h  t h e  s t r e s s e d  
and t h e  u n s t r e s s e d  e® s t a t e s .
Gy “ u , ^  + l / 2 (u?jç + vfjj + ) ( 2 , 5 a)
Gy = v . y  + l / 2 ( u 5 y  + v?y  + w2y ) + w/R ( 2 . 5 b )
* l / 2 (u ,y +  v ,x +  u , % u , y  + v ,% v ,y  +w,%w,y) ( 2 . 5 c)
c°  » uS^ + l / 2 (u?^  + ) ( 2 . 5d)
X  A  X  A
e° « wO/R + l / 2 (u?  + wj ) ( 2 . 5 e)
y y y
-  l / 2 ( u j y  + uJjjU?y + wO^wOy) ( 2 , 5f )
w I s  c o n s i d e r e d  p o s i t i v e  I f  t h e  d e f o r m a t i o n  i s  b u l g i n g  
o u t s i d e .
The r e s u l t a n t  s t r a i n s  due t o  I m p e r f e c t i o n  a r e  i n  g e n e r a l  
-  c® t h u s  ( 2 . 6 )
t | -  z l  -  c °  ( 2 . 7 )
•  + l / 2 (u?jj + ) ( 2 . 8 )
S i m i l a r l y ,
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2
+w,f ) ( 2 ,9 )
: % y "  l / 2 ( " ' y  +  V . X +  u . ^ u . y  +  v . ^ v . y  +  w . ^ w . ^
* ^l*yU»x ^ W,%W,y "^WjyWjX ) ( 2 . 1 0 )
TThe c u r v a t u r e  s t r a i n s  f o r  b o t h  t h e  s t r e s s e d  % and 
u n s t r e s s e d  s t a t e s  a r e  g i v e n  by
m m  m  m  m
*X -"'xx \  - "*yy - ''•y
m m  m m
X •  w,*_ + u ,  /4 r -3/4R V,xy xy y }
0 0 0 0
%x "" 'XX Xy "  " ' y y
} ( 2 . 1 1 )
} ( 2 . 1 2 )
X° •  w,° + u j  / 4R
xy xy y
The r e s u l t a n t  c u r v a t u r e  s t r a i n s  a r e  I n  g e n e r a l  g i v e n  by
X® -  -  X° t h u s  ( 2 . 1 3 )
*x " *x "  \  ( 2 . 1 4 )
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4  ■ "'XX 4  * "'yy - ''■y
} (2.15)
X* = W, + u ,  /4R - 3 / 4 R  V,
xy xy y X
where R i s  t h e  r a d i u s  o f  t h e  c y l i n d e r .
S u b s t i t u t i n g  E q u a t i o n s 2 , 6  a n d 2 .1 3  i n  t o  E q u a t io n  2 .4  , 
s i m p l i f y i n g  and c o l l e c t i n g  s i m i l a r  t e r m s ,  t h e  t o t a l  
p o t e n t i a l  e n e r g y  i s  g i v e n  by
0 . _0 \ / _ a .  _ , , w _0 _aP < C ( ( c ^  + e U ) ( e a +  e ^ ) + 2 ( l  -  v ) ( e E
X y  X y  x y  x y
l /2 (e® 'e^  + E*eO)))  + D(x°+ X°)(x*+ X^) +x y y x  x y x y
2 ( l - v ) ( X x y X x y  - l / 2 ( X x X y  + X y X ^ ) ) + C / 2 ( ( e ^ + e ^ ) ^
+2 ( l - v ) ( e a 2 . g a g a  ) )  + n / 2 ((%a +%a f  + 2 ( l - v ) ( x a ^  
xy X y X y xy
-  x \  ) )  +X N„ e + pw ) d x .d y  ( 2 . 1 6 )
X y O x
S u b s t i t u t i n g  E q u a t i o n s C 2 . 8 * 2 , 1 2 ) i n  E q u a t i o n  2 .1 6  and 
c o n s i d e r i n g  second  o r d e r  t e rm s  o n l y ,  t h e  f i n a l  p o t e n t i a l  
e n e rg y  i s  g i v e n  by
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where
Pg Pg d x . d y  ( 2 . 1 7 )
SPg/C -  u?^ ( l+ 3 u ? ^+ v w ° /R )  + u . ; " . y ( 2 u S y )  + “ V “ ’ x*
V, »
l - v ) u ^  ) + u ,  V, ' ( ( 1- v )  ( 1+u? ) ) + (u9 +
y y X X X X
w°/R + 3 ( 1 - v ) / 3 2 ( T ^ / R ) 2  + ( l - v ) / 2 )  + U;^v, *
y
(2\,(1+U°x)) + U,yV,y(2U?y) f ^ V , ^  (l - V ) U ^ +
V? ( l + v u j  + wO/R + 1 / 1 2 (Tt /R ) ^ )  + w/R*u. ( »y »X J- X
2 \ / l + u ? 2 ) )  + w /R * u ,y (2 u°y )  + w /R ( 0 ) v ,x  +
w/R(2 ) v ,  +(w/R)2 +u,xW,x(2w?x) + U 'yW '% (l-
) w 5 y +  v,jçW,3ç ( l - v ) w , 0 + v,yW,x(2vwO^) + w/R* 
w,x(2vw2%) + w5jç(u?x+'’ w°/R) + u,jjW,y(2Vw°y) +
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2wjy + w/R«w,y(2wJy) + w , x * ' y ( l - v ) U ' y  + 
w?y(  upx+wO/R) + u , y W , x  ( l - v ) / R ( T ^ / 1 2 )  +
» ( T ^ / 6 )  + V , y ( W , x x +  W , y y  ) ( « I / R ( T 6 ) )  +
( W ' X X  +  W , y y  ) ^ ( T ^ / 1 2 )  <  w f ^ y  -  W , x % W , y y )
* ( l - v )  ( T ^ / 6 ) -  u ,  V. ( d - v ) ( T , / R ) ^  ( 2 . 1 8 )
1 y ^
E q u a t i o n  2 .1 8  i s  t h e  f i n a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n  
f o r  t h e  b u c k l i n g  a n a l y s i s .  Only t h e  second  o r d e r  t e r m s  
a r e  c o n s i d e r e d  f o r  b o t h  membrane and c u r v a t u r e  d i s p l a c e ­
ment f u n c t i o n .  T h is  e x p r e s s i o n  w i l l  be used  i n  c h a p t e r  
4 t o  d e v e l o p  t h e  b u c k l i n g  d e t e r m i n a n t .
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CHAPTER 3 
PREBUCKLING STRESSES
3 ,1  A ssu m pt io n  f o r  P r e b u c k l i n g  D is p l a c e m e n t  F u n c t i o n s .
P r e b u c k l i n g  was d e f i n e d  a s  t h e  r o t a t i o n  o f  t h e  s t r u c t u r a l  
e le m e n t s  b e f o r e  b u c k l i n g ,  t h u s  i n t r o d u c i n g  t h e  n o n l i n e a r i t y  
w i t h  r e s p e c t  t o  t h e  l o a d .  Decay l e n g t h  b o t h  i n  t h e  a x i a l  
and c i r c u m f e r e n t i a l  d i r e c t i o n  i n  t h e  im m e d ia te  v i c i n i t y  o f  
t h e  r e c t a n g u l a r  i m p e r f e c t i o n  i s  assumed t o  a c c o u n t  f o r  t h e  
p o s s i b i l i t y  o f  l o c a l  b u c k l i n g  b e f o r e  t h e  s h e l l  s t r u c t u r e  
b i f u r c a t e s  i n t o  a  b u c k l i n g  mode.
I n  t h i s  s e c t i o n  p o t e n t i a l  e n e r g y  f o r  an  u n s t r e s s e d  s t a t e  
i n  b o th  s t r e t c h i n g  and  b e n d in g  i s  c a l c u l a t e d  by c o n s i d e r i n g  
t h e  l i n e a r  s t r a i n  d i s p l a c e m e n t  e q u a t i o n  and i n t e g r a t i n g  
o v e r  t h e  a r e a  o f  t h e  r e c t a n g u l a r  i m p e r f e c t i o n  and  t h e  a r e a  
o f  t h e  s h e l l .  I t  i s  found  a f t e r  p e r f o r m i n g  t h e  i n t e g r a t i o n  
t h a t  t h e  i m p e r f e c t i o n  p a r a m e t e r s  RT^/a^  and  R T ^ /g ^ a re  
o b t a i n e d  d u r i n g  t h e  p r o c e s s  o f  a r r i v i n g  a t  t h e  p o t e n t i a l  
e n e rg y  f o r  a n  u n s t r e s s e d  s t a t e .  T h ese  p a r a m e t e r s  show 
t h a t  t h e  decay  l e n g t h  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  
a c c e l e r a t e s  b i f u r c a t i o n  o f  t h e  i m p e r f e c t  s h e l l  i n t o  a
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b u c k l i n g  mode c o n f i g u r a t i o n .  The above m e n t io n e d  
i m p e r f e c t i o n  p a r a m e t e r s  a p p e a r  i n  t h e  p o t e n t i a l  e n e rg y  
e x p r e s s i o n  showing t h e  weak d ep endence  on t h e  s h e l l  
c u r v a t u r e .
The p r e b u c k l i n g  m a t r i x  i s  o b t a i n e d  by t a k i n g  t h e  f i r s t  
v a r i a t i o n  o f  t h e  i n t e g r a t e d  f i n a l  p o t e n t i a l  e n e r g y  w i t h  
r e s p e c t  to  t h e  c o n s t a n t s  o f  t h e  assumed d i s p l a c e m e n t  
f u n c t i o n s .
3 .2  E f f e c t  o f  D i s c o n t i n u i t y .
D i s c o n t i n u i t y  i n  t h e  membrane d i s p l a c e m e n t s  o c c u r s  when 
t h e r e  i s  a  change  i n  t h e  w a l l  t h i c k n e s s .  The d i s c o n t i n u i t y  
f o r c e s  must  be computed a l o n g  hoop c i r c l e s  [ 1 9 ] ,  h ow ever ,  
t h e  d i s c o n t i n u i t y  s t r e s s e s  d ecay  r a p i d l y .  A c c o r d in g  t o  
R e f e r e n c e  4 t h e  d e c a y  l e n g t h  and  m us t  be g r e a t e r  t h a n
L e t  us  c o n s i d e r  a  t h i n  c y l i n d r i c a l  s h e l l  a s  shown i n  P i g  3 , 1 
L e t  t h e  t h i c k n e s s  o f  t h e  s h e l l  be T^ and  t h a t  o f  t h e  
r e c t a n g u l a r  i m p e r f e c t i o n  be  T g . F i g u r e  3 , 2  shows how t h e  
p r e b u c k l i n g  can  be a f f e c t e d  i n  t h e  p r e s e n c e  o f  two d i f f e ­
r e n t  t h i c k n e s s  b o t h  i n  t h e  c i r c u m f e r e n t i a l  and in  t h e  a x i a l  
d i r e c t i o n .  A c c o r d in g  t o  S t a r n e s  [ 1 ] ,  t h e  d e f o r m a t i o n s  
d e ca y  r a p i d l y  f rom  o n e  t h i c k n e s s  t o  t h e  o t h e r ,  a n d  r e q u i r e  
a q u a d r a t i c  d i s p l a c e m e n t  f u n c t i o n .  At t h e  i n t e r f a c e  o f
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2L
t
F i g u r e  3 . 1  I n i t i a l  geo m e try  o f  t h e  
s h e l l *
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F i g u r e  3*2a shell geom etry  i n
e r e n c i a i  a i r e c t i o nc i rcu m
F i g u r e  3 .2 b  S h e l l  geom etry  i n  
a x i a l  d i r e c t i o n .
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t h e  s h e l l  and t h e  i m p e r f e c t i o n  t h e r e  e x i s t s  b o th  s t r e t c h i n g  
and b e n d in g  s t r a i n s .  The m ag n i tu d e  o f  t h e s e  s t r a i n s  w i l l  
be h i g h e r  I n  t h e  a r e a  o f  I m p e r f e c t i o n  t h a n  a t  t h e  j u n c t i o n  
o f  t h e  I m p e r f e c t i o n  and  t h a t  o f  t h e  s h e l l .  In  c o n fo r m i ty  
w i t h  t h e  a b o v e ,  t h e  d i s p l a c e m e n t  f u n c t i o n  I s  w r i t t e n  as  
f o l l o w s .
■ BqX + B^X0 C o s^ (nY /2 (bQ+L^)) 
wO -  Aq + A^0Cos2 (nX /2 (aQ +L^))»Cos^(nY /2 (bQ+Lç)) } (3.1%)
V q  -  0
Where Aq,A^,Bq,B^ a r e  t h e  a r b i t r a r y  c o n s t a n t s  which can 
be o b t a i n e d  from m i n i m i z a t i o n  o f  t h e  p o t e n t i a l  e n e r g y  and 
0 I s  d e f i n e d  a s  f o l l o w s ;
g _ J 1 |X |<  (ao+Lg) and |Y |<  (bg+L^) ^ ^
0 |X |>  (ag+ L j)  and |Y |>  (bg+L^) '
Us ing  t h e s e  d i s p l a c e m e n t  f u n c t i o n s  t h e  p r e b u c k l i n g  s t r a i n s  
a r e  now d e t e r m i n e d .
3 .3  P r e b u c k l i n g  C a l c u l a t i o n s .
N e g l e c t i n g  t h e  h i g h e r  o r d e r  s t r a i n s  f o r  t h e  u n s t r e s s e d  
s t a t e ,  t h e  s t r e t c h i n g  s t r a i n s  a r e  g i v e n  by:
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eO « ujjç « Bq + B^0Cos^(Y/2e)
eO - -w C /R « -1/R(Aq+A^ Cos2 (X /2a ) * C o s ^ ( y / 2 p ) )  ( 3 . 2%)
E O y - l /2 ( u 2 y )  -  -BiXQ/26 S l n ( Y / 8 )
where a L%)/n and 8 = (bg+L^)/!!
S i m i l a r l y ,  t h e  b e n d in g  s t r a i n s  a r e
X? “ -  _ An0 / 2a 2 C o s (X /a )* (C o s2 (Y /2 8 )
X  X A  -L
Xy •  wjyy » -  AiQ/282 C o s^ (X /2 a )* (C o s (Y /8 )  (3.2^^)
* “y '  A
-  - A i0 / H a 6S l n ( X / a ) » ( S i n ( Y / 8 ) -  B^X0 / 88R ( S i n ( Y / 3 ))
Assuming t h a t  t h e  a r e a  o f  i m p e r f e c t i o n  i s  a t  m id h e i g h t  o f  
t h e  s h e l l ,  t h e n  o n l y  one q u a r t e r  o f  t h e  s h e l l  need  be 
c o n s i d e r e d  b e c a u se  o f  symmetry.  Thus p o t e n t i a l  e n e r g y  
f o r  one q u a r t e r  o f  t h e  s h e l l  in  t h e  u n s t r e s s e d  s t a t e  i s  
g i v e n  by .
Pg -  C / 2 / I {  e02+ 2ve°e0  + e0 ^+2 ( 1- v ) eOy }dx dy +
D/2 ff{ x j  + 2 vx°Xy + Xy +2 (l-v)x%y }dx dy +
27
+ /Jpw® dx dy ( 3 . 3 )^ X
Where I s  a x i a l  c o m p r e s s iv e  f o r c e  and p I s  t h e  I n t e r n a l  
p r e s s u r e .  Prom ( 3 . 1 )  i f  |X |>  a^  ^ o r  |Y| >bi» t h e  o n l y  n o n ­
z e r o  t e rm s  a r e  e® « Bq , ^y  * -A g /R  . But f o r  t h e  t e r m s  
c o n t a i n i n g  a x i a l  c o m p r e s s i o n ,  t o  g i v e  t h e  e f f e c t  o f  n o n -  
l i n e a r i t y  i s  m u l t i p l i e d  by t h e  h i g h e r  o r d e r  s t r a i n s .  
Hence ( 3 . 3 )  can  be w r i t t e n  a s
L n R g g p 
Pq = C i / 2J T( Bg + -  2vAqBq/R) dx dy +
? (  s g  + A^/RZ .  RmAqBq/R )  dx dy +
L b i  p ? ?
c./2f '( Bg + Aq/R -  PvAgBg/R) dx dy +
a i  0
N ^ejdx  dy 4/ '  /  N*e2 dx dy dx dy +
a iO  0 . X X 0 0 * *
^9 ^  pwO dx dy + P.
0 0
( 3 . 4 )
where  P^ i s  t h e  p o t e n t i a l  e n e r g y  in  t h e  r e g i o n  o f  
i m p e r f e c t i o n  where  b o t h  s t r e t c h i n g  and b e n d in g  a r e  
s i g n i f i c a n t .  The n o n l i n e a r  s t r a i n  e ^  due t o  t h e  a x i a l  
l o a d  i s  i n c l u d e d  t o  g i v e  t h e  beam column e f f e c t  and  t o  
s a t i s f y  t h e  c o n d i t i o n  o f  p r e b u c k l i n g .  Thus
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» u°x+ l / 2 ( uS^ + ) ( 3 . 5 ^)
S u b s t i t u t i n g  f o r  t h e  d e r i v a t i v e s  o f  t h e  i m p e r f e c t  
d i s p l a c e m e n t  f u n c t i o n  from E q u a t i o n  3 . 2  i n  3 .4  we g e t
E° - Bp+Bg/ 2  +e [Bi/2 (l+Cos(Y/g))(l+Bo)]
+0 [ 1/16B%( 3+4COS( Y /g )+ C o s( 2Y /g )
+ 1 / 1 2 8 ( A ^ / o ( 1 - C o s ( 2 X / a ) ( 3+4Cos(Y/g)
Cos(2 Y/b)) ( 3 . 5 %)
I n c o r p o r a t i n g  E q u a t i o n s  3.5%in  3 . 4 ,  t h e  p o t e n t i a l  e n e r g y  
in  t h e  u n s t r e s s e d  s t a t e  becomes
Pq -  P^ + C ^ /2 (Bo + A§/R^ -  2v A o B o / R ) [ ( L - a i ) ( n R - b i )
+ a^(nR-bj^) + ( L - a ^ ) b ^ ]  + P%^+ P^ ( 3 . 6 )
Where
L Hr _ p ajHR p
^Nx" Z + B o /2 ) dx dy + '  'NS(BQ + 8 ^ / 2 ) dx dy
1 1
^  i X <®0 + ®o/2 ) dx d,v Y  ® o /2 ( l+®o)*
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(l+Cos(Y/e ) +(1/16)B^(3+^Co s (Y/6) +Cos(2Y/g)
+ 1 /128(A  / o ) 2 ( 1 - C o s ( 2 X / « ) ( 3 + ^ C o s ( Y / p )  + C o s (2 Y /P ) ) ]d x  dy
P%x= N%nRL[BQ + Bq / 2 + a ^ b ^ / 2 n R L ( B ^  + 3 / 8 ( B f )  + B^BQ
+ 3 / 6 4 ( A ^ / o ) ^ ) ]  ( 3 . 7 )
■ p AqARL + |^A^eCos^(X/2o()* Cos^(Y/2g)  dx dy
pA^HRL + pA^a^b^/i l  ( 3 . 8 )
Now c o n s i d e r i n g  P ^ ,  L e t  P^ ** P ^ ( c )  + P g (x )  ( 3 . 9 )
where P ^ (c )  = p o t e n t i a l  e n e rg y  f o r  s t r e t c h i n g  
P2 (x)  "  p o t e n t i a l  e n e r g y  f o r  b e n d in g
2 f.2
eC^O + feO +2(l-v)Gyy}dx dy +
a. K/  ^ 2 2
C^/2 ej + 2ve°Ey + ej +2(l-v )ejy}dx dy +
C - / 2  '
'  *0
Dg/S x%^+ 2v x x x j  + Xy^+2 ( l - v ) x $ y } d x  dy +
^0 „ 2
J  < 4  +
"o
Ï 0 ,
0 X
' « (
0
' x ' y  + ' y  *2 ( l - v ) e ° y )
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D i /2  x°^+2vx°x°  + x°^+2 ( l - v ) x ° ^  }c3x dy +
&Q 0 X X y y xy
D l / 2  x f + 2 v x ° x j  + x f + 2 ( l - » ) x ° y > a = '  <3.10)
C o n s id e r  P^/C^^nRL » P i (E ) /C ^ :R L  + P2 (x) /C^nRL( 1 2 /T ^ ) ( 3 . I I  ) 
F o r  s t r e t c h i n g
Pl (G) /CinRL = e g ^ / 2  [ Bq( 1 + ç+ 3 / 8 ç2 )  + ( A g / R ) ^ l + ; / 2 + 9 / 6 4 ; 2 )  
- 2 vAqBq/ R ( L + ç/ 2+Ç/ ^ +3/1ÔÇÇ ) + Bq/ 1 2 ( 1 - v
) c 2 ( a o / B ) 2 ( l + r ) 2 ] + e *  Cg/ 2  [ B^( 1+ ç ( 1+S^)
+(2/8(3+48%+ S g b ) )  + (A /R ) 2 ( l+ E / 2 ( 1 + S  )*
(l+S%)+ç^/64(3+4Sg+S2a)(3+4S%+S2%))
- 2vAqBq/R( l + ç / 2 ( 1+8% )+;/% (1+8% )(1+8 %)+
(5/16(1+8%)(3+48%+S2%)) +82/12(1-%)*
c2(ao/B)2(l-S2%)] (3.11%)
F o r  b e n d in g
P2 (x ) /C inR L  -  c%^/1536CA2(3m^+3n^+2nin)/R2+2(l-v)/6* 
B ^ (n /m )(n T ^ /R )^  + 4 (l-v )A^Bj^hT^/r2 ] +
31
eb/1536[A^/R (m ( 1+82 ^)  O+'lSb+S^^) +
n ^ d + S j b )  (3+^S^+S2^)+2vmn(l+2S^+S2jj) (
l + 2Sb+S2b) +2 ( l - v ) m n ( l - S 2a ) ( l - S 2^ ) ]  +
2 ( l - v ) / 6B2 ( n T ^ / R ) ( a o / R ) ^ ( l - S 2b) +
4 ( l - v ) A i B i / R ( n T ^ / R ) ( l - S 2 b ) ( S a - C a ) )  ( 3 . 1 1 g )
Hence
Pq/C^ARL » P^/C^nRL + Pp + P^^^f 1 / 2 (Bq+(Aq/R )^
- 2vAQBQ/R)(l-.a^b^/nRL) ( 3 . 1 2 )  
To d e t e r m i n e  t h e  minimum o f  p o t e n t i a l  en e rg y  E q u a t io n  
( 3 , 1 2 ) i s  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  t h e  c o n s t a n t s  
and e q u a t e d  t o  z e r o .  Thus
3Po/9Aq * 0 , aPg/aBo « O .^Pq/SA^ » o ,9Pq/3B^= 0
F o l l o w i n g  a r e  t h e  e q u a t i o n s  t o  o b t a i n  t h e  ( 3 . 1 3 )
c o n s t a n t s  o f  t h e  assumed p r e b u c k l i n g  d i s p l a c e m e n t  
f u n c t i o n s ;
An/R?l+c. b )  -  vB./R(l+e e ) + A /R^(e /M +e e T^Ty) u ag s 0 a g s  l  ^1 s. s  a  ^
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- v B i /R ( e a  / 2  +E, e T ) + p/C^ » 0 (3 .1^0«Q S o  1
- v A n / R d + e  E ) + B - ( l + e  e + N _ /C .)  -  vjA /H( u Eg 8 0 a g S ^ J -  1
I / "  * 'a S^b)
+ N / C ,  = 0 ( 3 . 1 5 )X 1
A o / s ' ( = a / ' '  + ' a o % V b >  -  + ' a o ' a V b ’
+ A / R " ( 3 / 6 4 . ^ ^ R 2 N / C ^  :  + 9 / 6 1 . ^ ^  + ' ^ a o % ' V 2 a > *
(Tb«T2b) + eg^^/768(3m^+3n^+2mn) + E ^ ^ e b /12 [m^D2 g^ (
T -  + n^D^^(T -  T" ) + vmn/2(T -  2T )*
b 2b 2b a 2a b 2b
(T -  2T ) ]  - B . / R ( 3 / l 6 v e  + e  e T (T -  T ) -  
a 2a  1 &1 & Q  8 a b 2b
( l _ v ) / 3 8 4 ) n T i / R ( : a ^  + l 6 : a ^ : b T 2 b ( T a  "  C p a ' ) )  +
p / C ,  c_ / J^ =« 0 ( 3 . 1 6 )1 a^
- „ A g / R ( e a ^ / 2  + = a / "  *
' a „ ' s ^ b > -  Ai « ( 3 c^ v/ 1 6  -
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( l . v ) / 3 8 4 ( n T / R ) ( c , ^  + 16T2^(T +
B , ( 3 / 8 = ,  N / c ,  + 3 /8£  +e ( l . v ) a ? / 1 2 B ^  +
J- =2 1 8,2 &2
^ a n ^ s ^ ’^ b ~ ^2b)  + 2 / 3 : ^  e g ( l - v ) ( a o / 6  )Tgb +
( l - v ) / 3 8 4 ( e _  / 6 ( n / m ) ( n T  / R ) 2  + e .  e . / 6 ( n T  / R ) »  
®2 1 0
( a ^ / R ) ^ ) )  + N f /C 2 Ga / 2 0 ( 3 . 1 7 )
and w r i t i n g  i n  m a t r i x  form t h e  f o l l o w i n g  e x p r e s s i o n  i s  
o b t a i n e d ;
G 2 “ vG^ G2 «vG ^
•vGi G^+ -vG^ G^+Ng
» vG2 G Ng — Gg
'vGg Gg+ N2 -  Gg Gy+Ny
Aq/R
B
A2/R
~p.
”N
- P 2
—N c
(3 .1 8 )
where  G2 e t c . , a r e  g i v e n  by
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u>U1
3 m to O m o 3 t-H 3 H-i Zi 53
Jr (0 \ P o \ w CO to to J=r CO
M w M ro pa \ m a + a 0 c -< a a
a \ P H» X—N o \
U ) o (JÜ o \ u> ÜO H i CO H i Q to
\ a \ m \ o ' . O' M p
J=- p) CO P M CO CO I-*
25 M u m O o \ ro 1 m 1 + \
ro \ P < to P ro
3 M M m m S H i M H i 3
3) 1 o ' P ro to + to M +
e + H i o ' o \ O'm ro W 4=- to
+ P O' + ro m P■o p M < Hi P + o
M m o P n o p o ma P MtO H i P to m 3 n
o ■DO P o 1 o ' ro H i
"d m '—•* M m to a \ o '
a O' ro 1 I ca H i ro -Q
\ *-3 C o H i to O' o \
o p ro ■o P p OO
H M O' \ p H i
'N. M H i P CO 53 3
3J + ro O' 1_1 i m cn 1-*X3 DO H i P
ro ro ro 1 to H-* a aa 1 p + 1—1
e + Hi o \ VO 3
m ro Xr X P
ja m O' + m ov \
M LO P P 4=- a
oo o 3 O to t-*
Zr J=- 1 3 m p
■o m o ' t-H
M 3 m CO a +
Hi M oo to
M H i i XT p to 3
'N. O' C p ro
3J m Hi O
1 \ P O' m n
U) I-» 1 ca
H i CO H i X—s 3
ro -£=• + to H i M
o ' o ' p mN-^ 3 I P
H i M
+ M + \\ ro
where
« b  -  T jb  ) -  ( 1 / 8 ) [ 4 ( 1 + S b  ) - ( l - S 2b ) ]  ( 3 . 1 9 a )
(T ,  -  Tza ) -  ( 1/ 8 ) C ( 1 +S^ ) - ( l - S 2 a ) ]  (3 . 19b)
Ty -  ( l+ S ^ ) / 2  Tjb -  ( l - S 2 t , ) / 8  ( 3 . 1 9 c )
T ,  -  ( l + S a ) / 2  Taa -  ( l - S 2 a ) / 8  (3.19a)
° 2 a -  ( l + 8 2 , ) / 8  D2b -  ( l + 8 2 b ) / 8  ( 3 . 1 9 e )
°pa ■ ( l+ C a ) / 2  (3 . 1 9 f )
By g i v i n g  a  v a l u e  f o r  t h e  a x i a l  c o m p r e s s iv e  l o a d  N^, 
p r e s s u r e  ■ 0 and knowing t h e  g eo m e try  o f  t h e  s h e l l  
s t r u c t u r e ,  t h e  c o n s t a n t s  Aq/R, Bq, A^/R, B^ a r e  d e te r m i n e d  
by s o l v i n g  e q u a t i o n  3 . 1 8 ,  T hese  c o n s t a n t s  a r e  t h e n  
s u b s t i t u t e d  i n t o  t h e  e q u a t i o n s  o f  t h e  b u c k l i n g  a n a l y s i s ,  
which a r e  d e v e lo p e d  i n  t h e  f o l l o w i n g  c h a p t e r .
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CHAPTER 4
BUCKLING ANALYSIS
4 ,1  P r l l i m i h a r y  Remarks
The f i n a l  p o t e n t i a l  e n e rg y  e q u a t i o n ,  a s  d e r i v e d  i n  C h a p te r  
2 , w h ich  c o n t a i n s  t h e  second  o r d e r  t e r m s  o f  t h e  b u c k l i n g  
d i s p l a c e m e n t  f u n c t i o n s  and t h e  c o r r e s p o n d i n g  c o e f f i c i e n t s  
from t h e  p r e b u c k l i n g  a n a l y s i s ,  i s  i n t e g r a t e d  o v e r  t h e  a r e a  
o f  t h e  r e c t a n g u l a r  i m p e r f e c t i o n  and  t h e  a r e a  o f  t h e  s h e l l  
t o  a r r i v e  a t  a  s e t  o f  e q u a t i o n s  w hich  can  be u se d  f o r  t h e  
b u c k l i n g  a n a l y s i s .  The i n t e g r a t i o n  o f  t h e  f i n a l  p o t e n t i a l  
e n e r g y  e x p r e s s i o n  f o r  t h e  b u c k l i n g  a n a l y s i s  i s  s e p a r a t e d  
i n  s u c h  a  manner so as  to  g i v e  t h e  e f f e c t  o f  d i s c o n t i n u i t y  
o f  e n e r g y  i n  t h e  p r e s e n c e  o f  a r e c t a n g u l a r  i m p e r f e c t i o n .
The s e p a r a t e d  p o t e n t i a l  e n e r g y  e x p r e s s i o n s  a r e :  ( a )  e n e rg y  
due t o  s t r e t c h i n g ,  and (b)  e n e r g y  due t o  b e n d in g ,  ( The 
b e n d in g  t e r m s  can be i d e n t i f i e d  a s  t h e  t e rm s  which c o n t a i n  
second  o r d e r  d e r i v a t i v e s  o f  t h e  b u c k l i n g  d i s p l a c e m e n t  
f u n c t i o n s  a n d ,  h e n c e ,  t h e  s q u a r e  o f  t h e  t h i c k n e s s  o f  t h e  
s h e l l )  The f i n a l  b u c k l i n g  d e t e r m i n a n t  i s  formed by t a k i n g  
t h e  f i r s t  v a r i a t i o n  o f  t h e  I n t e g r a t e d  f i n a l  p o t e n t i a l  e n e rg y  
e x p r e s s i o n  w i t h  r e s p e c t  t o  t h e  c o n s t a n t s  o f  t h e  assumed
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b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n .
The b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n s  a r e  assumed by g i v i n g  
due c o n s i d e r a t i o n  t o  t h e  e f f e c t  o f  d e ca y  l e n g t h s  i n  t h e  
a x i a l  and  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n s .  To do s o ,  
a  F o u r i e r  s e r i e s  s o l u t i o n  a s  a  d i s p l a c e m e n t  f u n c t i o n  i s  
c h o o seh  f o r  t h e  b u c k l i n g  a n a l y s i s .  T h i s  assum ed d i s p l a ­
cement f u n c t i o n ,  a s  a s o l u t i o n  o f  t h e  s t a b i l i t y  e x p r e s s i o n ,  
i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e ,  and  h a s  f i n i t e  i n t e g r a l s  
and e x h i b i t s  u n i f o r m  c o n v e r g e n c e .  The F o u r i e r  d o u b le  
s e r i e s  so  assumed p e r m i t s  v a r i o u s  b u c k l i n g  modes b o t h  in  t h e  
a x i a l  and  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n .
F i g u r e  4 .1  shows a c y l i n d r i c a l  s h e l l  o f  r a d i u s  R and l e n g t h  
2L and d^ an d  d^ d e f i n e  t h e  l o c a t i o n  o f  t h e  c e n t e r  o f  t h e  
i m p e r f e c t i o n .  The d i s p l a c e m e n t  f u n c t i o n s  from t h e  
p r e b u c k l i n g  a n a l y s i s  a r e :
u °  » BqÇ+ B^Ç9Cos2(nn '2 (bQ+Lj,))
w° -  Aq + A^0 (Cos2 ( n ç / 2 ( a Q + L ^ ) ) ) (C o s 2 ( n r , /2 (b o + L c ) ) )  O . l g )
e 1^1 * V ^ c  , ( 3 .
0 U |  > ag+La and  | nl > bg+L^
The assumed d i s p l a c e m e n t  components  f o r  b u c k l i n g  a r e  t h e  
f o l l o w i n g  d o u b le  F o u r i e r  s e r i e s  e x p r e s s i o n s :
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I’
2L
F i g u r e  4 .1  I n i t i a l  g e om e try  o f  t h e  
s h e l l .
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nn
u » EEA ..Cos( jnX/2L)  C o s ( i y / R )  
1 « 1 1
nn
V « E Z B . .S ln ( jn X /2 L )  8 1 n ( lY /R )  
11
nn
w « E Z C . , S i n ( j n x / 2 L )  C o s( iY /R )  
11
) ( 4 . 1 )
4 . 2  B u c k l in g  A n a l y s i s ,
Having  assumed t h e  d i s p l a c e m e n t  f u n c t i o n s ,  i t  i s  now 
n e c e s s a r y  t o  e v a l u a t e  t h e  d i f f e r e n t  t e rm s  in  th e  f i n a l  
p o t e n t i a l  e n e r g y  e x p r e s s i o n ,  E q u a t i o n d . 1 6 ) ,  T h i s  w i l l  
be a c c o m p l i s h e d  by f i r s t  d e t e r m i n i n g  t h e  v a r i o u s  d e r i v a t i v e s  
o f  t h e  d i s p l a c e m e n t  f u n c t i o n s  and t h e n  fo rm in g  t h e  numerous 
p r o d u c t s  o f  t h e  v a r i o u s  d e r i v a t i v e s .
The d e r i v a t i v e s  o f  t h e  b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n  a r e  
a s  f o l l o w s ;
n
u , ,  -  - E  A , .  ( j : n /2 L )S in ( J n X /2 L )C o s ( iY /R )  ( 4 . 2  )
* i " l
n
u .  » -E A , , ( i  /  R ) C o s ( jn X /2 L ) S in ( iY /R )  ( 4 .2 b )y 1 . 1  j 1
v ,„  -  +E B , ,  ( J n /2 L ) C o s ( J n X /2 L ) S in ( iY /R )  ( 4 . 2 c )
i - 1
V, -  +E B . . ( i  /  R ) S in ( J n X /2 L )C o s ( lY /R )  ( 4 . 2 d )
y 1 . 1
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n
w/R » +E C , , ( l  /  R )S ln (Jn X /2 L )C o s ( iY /R )  ( 4 .2  )
1»1
n
-  +E C . . ( J n / 2 L ) C o s ( J n X /2 L ) C o s ( l Y / R )  ( 4 . 2 ? )
1=1 J
n
w,„  -  -E C . . ( i  /  R ) S in ( J n X /2 L ) S ln ( lY /R )  ( 4 .2 g )
y J i
1- 1
-E C j i ( j n / 2 L ^ S i n ( J n X / 2 L ) C o s ( i Y / R )  ( 4 .2 h )
-  -E C , , ( J n / 2 L ) ( i / R ) C o s ( J n X / 2 L ) S i n ( l Y / R )  ( 4 . 2 ? )
1=1  
n
w, = -E C , , ( l / R ) 2  S ln ( Jn X /2 L )C o s ( lY /R )  ( 4 . 2 j )yy i«i Ji
The d e r i v a t i v e s  o f  t h e  i m p e r f e c t i o n  d i s p l a c e m e n t  f u n c t i o n  
a r e  a s  f o l l o w s ;
« -  A 8 /2 a  S i n ( ç / o ) C o s ^ ( r , / 2 g )  ( 4 . 3 % )
w , y  * -  A^e/ 2 0  C o s^ ( ç / 2 a ) S i n ( n / B )  ( 4 . 3 b )
u?x -  Bq + BieCos2(%/26)  ( 4 . s c )
u?y •  -  / 2 g S i n ( n / e )  ( 4 .3 d )
V°  -  0 ( 4 . 3 e )
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The v a r i o u s  p r o d u c t s  o f  t h e  d e r i v a t i v e s  a r e  a s  f o l l o w s ;
( u , , ) 2  -  l / 2 ( j n / 2 L ) 2 * ( l _ C o 8 ( j n X / L ) ) ( Z  A , , C o s ( i Y / R ) ) ‘
* i « l
1 + 3ufjç+vW°/R -  ( 1  + 3Bq + vAq/R )  + 9C3B^/2(1  +
C o s(n /G )  + v A ^ / 4 R ( l  + C o s ( ç / a ) *
(1 + CosCn/e)  ( 4 . 4 )
( u ,^ U ,y )  « ( J n /2 L ) S in ( J n X /2 L ) C o s ( J n X /2 L ) *
n n
S A . .C o s ( J Y /R ) z  A . . S i n ( i Y / R )  ( i / R )  
i - 1  i - 1
2u?„ -  -  B , Ç0 / B S i n ( n / e )  E x i s t s  o n ly  ( 4 . 5 )
y ^ f o r  0-1
g 0 n 2
( u , - ) 2  -  (Cos ( j n X / 2 L ) ) ^ ( z  ( i / R ) A . . S i n ( i Y / R ) )
y 1*1  J i
( l - v ) / 2 [ l + ( T i / R ) 2 / 4 8 ] + w O / R  + u j ^  -  ( l - v ) / 2 [ l + ( T ^ / R ) ^ /
48]+Ao/R+Bq+ 0 [ A i / 4R ( l + C o s ( G /a ) ( l+ C o s ( n / G )  )
B j^ /2 ( l+ C o s( r j /e ) ]  ( 4 . 6 )
(u .  V ,  ) — ( j n /2 L ) ^ S i n ( J n X / 2 L ) C o s ( J n X /2 L ) z  A , .
X X i"*l J
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Cos(iY/R) ? B,,Sin(lY/R) 
i-1
(l-v)u? - -(l-v)BiEG/28 sin(n/8) Exists only (4.7)
^ for 0» 1
u, V, - -Jji/4L(l+Cos(JnX/L))E A,i(l/R)Sln(lY/R)*
y X 1=,!
n
Î B Sin(iY/R)
1 - 1  J
( l - v) C ] » ( l - v ) [ ( l - I / l 6 ( T i / R) 2 +  Bq) +0 Bi / 2 ( 1+
Cos(n/8)] (4.8)
? 2 ^ 2  
(v,x) “ l/2(jn/2L)Z(l+C08(jnx/L)(E BjiSln(lY/R))^
(l-v)/2[ ] + u?„+ w°/R - ( l - v ) / 2 [  1 + 3 / 1 6 (T,/R)2] +
+ vA q /R +G(E^/2(1+Cos(n/8)) + v A ^ / 4 R (1+
Cos(E/ct))(l+Cos(n/8))) (4.9)
n
u V, = -(jn/2L)/2(l-Cos(jnx/L))i A.,Cos(lY/R)
X y 1=1
S(l/R)B..Cos(lY/R)
1-1
2 (l+u9^) - 2v(l+BQ)+eB^v(l+Cos(n/B)) (4.10)
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n
(u ,  V, ) — ( S i n ( j n X / 2 L ) ) / 2 E A , . ( l / R ) S l n ( l Y / R ) »
y y 1-1
n
( i / ? } C o s ( l Y / R )
i - 1  J
2 u jy  - -  B ^ e ç / B s i n ( Ç / 6 ) E x i s t s  f o r  0 -  1 ( 4 .1 1 )
n
(v,_v,.) - (jn/l»L)Sin(jnx/L)SS,,Sin(iY/R)* y 1 - 1  Ji
n
Z ( l / R ) B , , C o s ( i Y / R )  
i - 1  J l
( l - v ) u j  —  ( l - v ) 0 B , ç / 2 B S i n ( n / S )  E x i s t s  f o r
y ^ 0 - 1  ( 4 .1 2 )
( v ,  )^  -  l / 2 ( l - C o 8 ( j n X / L ) ) ( Z B . , i / R C o s ( i Y / R ) ) 2
y i - 1  J
1+ u J ^ + w ° /R + ( T i /R ) ^ /1 2  -  1+ ( T ^ / R ) V i 2+v Bq+Ao/R**’
[ 0 B ^ /2 ( l+ C o s (n /B ) )+ A ^ /4 R ( l+ C o s (Ç / (» ) (
l + C o s ( n / B ) )  ( 4 . 1 3 )
n
(w/ROu. - - ( j n / 4 R L ) ( l - C o a ( j n x / L ) ) ( Z C _ C o s ( i Y / R )
* 1 . 1
(?A G os( iY /R )
i - 1  J
2 v(1+u9x ) -  2v ( i+B Q )+ B ^0v( l+C os(n /B )  ( 4 .1 4 )
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(w/R)u,y — <Sln(j nX/L))/R^?Cjj^Cos(lY/R)zAj^lSln(lY/R)
■ - Bi8S/$81n(n/6) Exists for e* 1 (4,15)
2w/Rv. « l/R^(l-Cos(JnX/L))2C Cos(lY/R)«
y 1 -1  J i
EB,.lCos(iY/R) (4.16)
i-1
(w/R)^ - l/2R^(l-Cos(JnX/L)(zC..Cos(iY/R))^ (4.17)
i-1 ^
(u,_w,*) " -l/2(Jn/2L)^Sin(jnX/L)rA.iCos(iY/R)«
* i-1 J
SC>.Cos(iY/R)
i-1 J
E x i s t  f o r
2*0% - -A^e/2oSin(ç/a)(l+Cos(n/e) 0-1 (4.18)
(u,^w,,) - -(jn/4L)(l+C6s(jnX/L)E A,,i/R8in(iY/R)
y i - 1
z C . .C o s ( iY /R )
i-1 J
(l-v)wSy - - (l-v)A^/4e(l+Cos(ç/«))8in(n/e) (4.19)
(v,^w,^) - l/2(jn/2L)2(l+C08(JnX/L))#
Z B,,8in(lY/R)E C..Cos(iY/R) 
1-1 i-1
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(l-v)w?y - -0(l-v)/4BAi(l+Cos(Ç/oi))Sln(n/0) (4.20)
n
(v ,  w, ) - ( j n / i i L ) s i n ( j n x / L ) î ( l / R ) B j i C o s ( l y / R ) *
^ 1=1
, " C,,C0 8 (1 Y/R)
1 = 1 J 3-
2wwJ„ » - v e A , / 2 o S l n ( Ç / a )  ( 1 +Co s (ti/ 6 ) E x i s t  f o r
* 0=  1 ( 4 . 2 1 )
(w/R)w,^ = ( j n / 4 R L ) S l n ( j n x / L ) ï C j j C o s ( l Y / R )
n
Z C , ,C o s ( lY /R )
1=1 J
2vw?„ = - v A T 0 / 2 a s in ( Ç / o ) ( l + C o s ( n / B )  E x i s t  f o r
^  ^  0 - 1  ( 4 . 2 2 )
(w,^)2 - l /2 ( jn /2L)^( l+Cos( jnx /L)«
"  2 
( E C . ,C o s ( l Y / R ) ) ^
1 -1  J
u?^+vwO/R -  (BQ+vAQ/R)+0[Bj^/2(l+Cos(n/B) +
v A ^ / 4 R ( l + C o s ( ç / a ) ) ( l + C o s ( n / B ) ) ]  ( 4 . 2 3 )
( u . ^ w . y )  -  ( j n / 4 R L ) ( l - C o s ( j n X / L ) ) »
n n
Z ( A , ,C 0 8 ( l Y / R ) ) ( E C , ,1 8 1 n ( l Y / R ) )  
1-1 1-1
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2vw$ ■-.v0A-/2 3(1+Co s ( ç / a ) S i n ( n / 0 )  E x i s t  f o ry J- Ô ■ 1 -  (4.24)
n
(u ,yW ,^)  " l / 2 R = 8 1 n ( Jnx/L) ïA I S i n ( i  Y/R)
•y y i » !  J -L
? C . . i S i n ( i Y / R )
1=1 J l
(l-v)w?v «-e ( i_v)A. / i | as in(C/a) ( i+Cos(n/B)  for
Q= 1 (4.25)
n
(V, w, ) — (jn/2lRL)Sln(jnx/L)2B,.Sin(lY/R)»
* y i - 1
n
^ ^ | C j i i S i n ( i y / R )
( l - v ) V ? x  . _ ( i _ v ) 0 A ^ / 4 * S i n ( G / a ) ( l + C o s ( n / 6 )  (4.26)
9 n
(v ,  w, ) - - l / 2 R ^ ( l - C o s ( j n x / L ) ) Z B , , i C o s ( i Y / R ) *
y y i - 1
n
I C . . i S i n ( i Y / H )
i - 1  J i
2w?y -.GAi/28(l+C08(C/a))Sln(n/6) (4.27)
n
(w/R)w,„  --l/2R2(l.Cos(jnx/L)Z C , ,C o s ( iY /R )  
y i - 1
Z C , , l S i n ( i Y / R )
1 -1  J l
2w? - _ 8 A i / 2 6 ( l + C 0 8 ( G / a ) ) S i n ( n / 6 )  (4.28)
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(w,,w. ) — (Jn/^RL)sin(JnX/Dr c_cos(iy/R)
X y 1 .1
Z C iC o s ( iY /R )
1-1
( l - v ) u ^ y  )Bj^ç0/2 gSln ( T)/g) ( 4 ,2 9 )
(w ,_ )2  -  l / 2 R ^ ( l - C o s ( j n X / L ) ( E C . , l S l n ( l Y / R ) ) ^
y 1-1 J
( vuJ^+Wq/R )  -  (vB o+A Q /R )+ 0 [v B i /2 ( l+ C o s ( r , /g )  +
A^/4R( l+Cos(ç/û) ( l+Cos(n/e) ) ]  ( 4 , 3 0 )
(u*y^*xy)  "  ( Jn /4 R ^ L ) ( l+ C o s ( j r tX /L )»
n n
E A , , l S l n ( l Y / R ) Z C , , l S l n ( l Y / R )
1 -1  1 -1  j l
( 1 - v )Di /C^R -  ( l - v ) / R ( T ^ / 1 2 )  ( 4 , 3 1 )
( v .^ w .^ y )  - - l / 2 R ( j n / 2 L ) 2 ( l + C o 8 ( j n X / L ) ) *
E B , . S l n ( l Y / R ) E C - . l S l n ( l Y / R )
1 -1   ^ 1 -1  J l
3 ( l - y ) / 4 R 2 ( D i / C i )  -  - ( l - v ) / R ( T ^ / 4 ) ( 4 .3 2 )
(v ,yW ,^^)  -  - 1 / 2 R ( j n / 2 L ) ^ ( 1 - C o s ( J n X / L ) ) «
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n n
E C - ,C o s ( l Y / R ) E B . . i C o s ( l Y / R )
1- 1  i - 1  J
2 ( l * v ) / R ( D i / C ^ )  -  ( l - v ) / R  ( T ^ / 6 )  ( 4 . 3 3 )
V ' y ( * ' x x * ' y y ) "  - l / 2 R ( l - C o s ( j n X / L ) )*
n n
z B , . l C o s ( i y / R ) E C , , C ( J n / 2 L )  + ( 1 / R ) ^ ] *
i - 1   ^ i - 1  J l
C os( iY /R )
-BD^/C^R » -  T^/6R ( 4 . 3 4 )
(w. ^+w. -C e ( C _ S i n ( J  X /2 L )C o s( iY /R )*
y y  J l
( O n / 2 L ) ^  + (1 / R ) ^ ) ] ^ ( t 2 / 1 2 )  ( 4 . 3 5 )
2 ( l - v ) T 2 / 1 2 [ ( w . x y ) 2 _  w . ^ x W . y y ]  .  ( l  - v ) T ^ / 6 [
o p ^  2
( j n / 2 L ) ^ ( l / 2 R ^ ) ( ( l + C 0 3 ( j n X / L ) ) ( z C  l S l n ( i Y / R ) )
i - 1
"  n
- ( l - C o s ( j n X / L ) ) E C . . C o s ( i Y / R ) z C . . i 2 C o s ( i Y / R ) ]
1 -1  1 . 1  '  ( 4 . 3 6 )
Having t h e s e  t e rm s  t h e  f i n a l  p o t e n t i a l  e n e r g y  e x p r e s s i o n  
ca n  be f o r m u la t e d  and i n t e g r a t e d .
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4 .3  F o r m u l a t i o n  o f  E q u a t i o n s  f o r  B u c k l in g  a n a l y s i s .
From C h a p te r  2 t h e  p o t e n t i a l  e n e r g y  e x p r e s s i o n  i s
^2 ^2 dy
where Pg i s  a l r e a d y  d e f i n e d .
L e t t i n g  2 P^ /C i( l /4 % R L )  = ( 4 ,3 7 a )
where and a r e  t h e  i n t e g r a l s
i s  t h e n  s e p a r a t e d  i n t o  , where
I® i s  t h e  i n t e g r a l  f o r  t e r m s  when 0= 0
i s  t h e  i n t e g r a l  f o r  t e r m s  when 0= 1
From t h e  p r e b u c k l i n g  a n a l y s i s
Dg = D^( 1 + E%) " ( 1 + e^)(ET^/12(l-v^)
Dg/Ci » (1 + e ^ ) ( T ^ / 1 2 )  Eg = (Cg/ -  1) 
where i s  t h e  b e n d in g  s t i f f n e s s  
and Eg i s  t h e  s t r e t c h i n g  s t i f f n e s s ,
d i s  t h e  d i s t a n c e  i n  t h e  a x i a l  d i r e c t i o n  t o  t h e  c e n t r e  o f  a
o f  i m p e r f e c t i o n  from Y a x l a ,
d i s  t h e  d i s t a n c e  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  from X c
a x i s .
T hese  c o o r d i n a t e s  a r e  so choosen  su c h  t h a t  t h e  i m p e r f e c t i o n  
may be l o c a t e d  anywhere  i n  t h e  s h e l l .
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substituting
2L 2HR Q dg^+a^dc+bi •.
» ( l / 4 n R L ) [ ;  /  Pg dx dy + /  f Fg dx dy]
0 0 d —a . d  —b_a  1 c 1
[ 1° ] + t I I  ]
( 4 . 3 7 b )  ( 4 . 3 7 c )
The l i m i t s  o f  I n t e g r a t i o n  o v er  t h e  I m p e r f e c t i o n  a r e  g i v e n  
by
5 » X -  d^ when C* + a^ % = d^ + a^
X “ Ç + d^ when E= -  a^ X « d^ -  a^
( 4 .3 7 d )
n = Y -  d when n" + b,  Y = d + b_c 1 C l
Y = n + d when n= -  b Y = d -  b^
c 1 c l
I .  « ( e  / 4 n R L )[ /®  p !  dx dy ] ( 4 . 3 7 e )
'  V * o V * > o
Where P® t h e  s t r e t c h i n g  p o t e n t i a l  e n er g y  In t h e  a r e a  
o f  t h e  r e c t a n g u l a r  I m p e r f e c t i o n .
I / 4 m R L ) ( T 2 / 1 2 ) [ ; * * * °  ^^*^°P^dx dv ] ( 4 . 3 7 f)
Where ( T ^ / 1 2 ) p 2  I s  t h e  b en di ng  p o t e n t i a l  e n er g y  In t h e  
a r e a  o f  t h e  r e c t a n g u l a r  I m p e r f e c t i o n ,
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In  a l l  o f  t h e  above i n t e g r a l s  t h e  symbol P r e p r e s e n t s  
t h e  p o t e n t i a l  e n e r g y ,  and t h e  s u b s c r i p t  r e p r e s e n t s  t h e  
d e g r e e  o f  t h e  d e r i v a t i v e s  In  t h e  p o t e n t i a l  e n e rg y  
e x p r e s s i o n .  The s u p e r s c r i p t s  c o r r e s p o n d  t o  t h e  p o t e n t i a l  
c a u s e d  by s t r e t c h i n g  ( s )  o r  b e n d in g  ( b ) ,  and (0)  o r  (1) 
means t h a t  t h e  p o t e n t i a l  e n e r g y  I s  w i t h i n  t h e  a r e a  o f  
r e c t a n g u l a r  I m p e r f e c t i o n  o r  o u t s i d e  o f  t h e  I m p e r f e c t i o n ,  
r e s p e c t i v e l y .
The I n t e g r a t i o n  o f  t h e  above I n t e g r a l s  a r e  c a r r i e d  In  
a p p e n d ix  B-2 and r e s u l t s  I n :
1 °  ^ - S  A | ^ [ ( j n / 2 L ) 2 ( l + 3 B Q + v A o / R )  + i ^ / R ^ ( ( 1 - v  ) / 2  )* 
( 1 + 1 / 4 8 ( T ^ / R ) 2 )  + Aq/R  + BQ)]nRL -
E A B [ ( J n / 2 L ) ( l / R ) ( l - v ) ( l - ( T i / R ) ^ / l 6  + Bq )+
1»1 -J J
( J n / 2 L ) ( 1 / R ) 2 v ( l + B Q )  ]nRL +
n
E B j i [ ( j n / 2 L ) 2 ( ( l _ v ) / 2 ( l + ( T ^ / R ) 2 3 / l 6 + B Q + v A Q / n ) +
i - 1
( l / R ) ^ ( l + ( T ^ / R ) ^ / l 2 + v B ^ + A ^ / R ) ] n R L  +
E Bjj_C^^[21/ r2+ ( j n / 2 L ) 2 / 1 2 ( l - v ) / 1 2 ( T ^ / R ) 2 l  + 
l / 6 ( T ^ / R ) 2 ( ( J n / 2 L ) 2 + ( l / R ) 2 ) ] n R L  +
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s  c2 [ 1 / r 2 + ( J n / 2L ) ^ ( B +vAo/ R ) + ( 1 / R ) ^ ( vBq+Aq/R)+  
1=1 "
( ( j n / 2 L ) 2 + ( l / R ) 2 ) 2 ( T 2 / i 2 ) ] n R L  -
n 5
E C A [ ( J n / 2 L ) ( 2 v / R ) ( l + B _ ) - ( J n / 2 L ) ( l ^ / R ) (  
1=1 u
( l - v ) / l 2  (T^/R)^]nRL ( 4 . 3 8 a )
= a ib i C z  Z A j j A ^ ( ( J n / 2 L ) 2 ( ( 3 B ^ / 2 ( g _ i )  +vA^/4R( 
k - 1  1=1
S a i + S _ i - ( f + l + f _ 2 ) / 2 ) ) ( t + i + ( T + 2 + 8 l 2 ) / 2 ) ) -
(jn/2L)/2R(B^d /^6)(lq_i(T;2 +S_2 )) +
2 1 k /R 2 ( t_ i+ ( T _ 2 + 8 t2 ) /2 ) ( A ^ /4 R ( S ^ ^ + s + ^ +
n n
( f + l + f _ 2 ) / 2 ) + B i / 2 ( % + i ) ) )  +S EB i B % , ( ( l / R 2 ) (
k " l  1=1
k l ( v B ] / 2 ( g _ i )  + A i / 4 R ( 8 g ^ + s _ ^ . ( f + i + f _ 2 ) / 2 ) ) *
( t + i + ( T + 2 + S l 2 ) / 2 ) )  + ( t _ i + ( T _ 2 + S + 2 ) ' 2 ) (
B ^ g + i /2  +vA^/4R(Sa + g + i + ( f + i + f _ 2 ) / 2 ) ) ( j n / 2 L ) 2
- ( 1 - v ) / 2 R ( j n /4 L ) d ^ B ^ /B k q _ i ( T ^ g + S .g ))
5 3
n n 2
Z î Al,. BL,(Bid_/4e(jn/2L) q . i ( T » p + S  p)(l-v) 
k«l l-l"!
( j l / 4 L ) / R ( B i k ) ( t _ i + ( T _ 2 + S ; 2 ) / 2 ) 8 + i ( l - v ) -
v / R ( j n / 2L ) g _ ^ B i i ( t + i + ( T ^ 2+S2 2 ) / 2 )
nn
d/2R2 ) (kl,. ,(t; +^s.2 ) > (
k“l 1=1
- A ^ / 4 a ( j n / 2 L ) 2 ( f _ i + f + 2 ) ( t + i + ( T + 2 + S l 2 ) / 2 ) '
( J n / ^ R L ) ( v A i / 2 g ) ( S a  + g _ i - ( f + i + f _ 2 ) ) *
(1 /2 ) (T 1 2 + S _ 2 )  + ( l - v / 4 a ) ( A i / 2 R 2 ) ( f _ i +
n n
f + 2 ) k l ( t _ i + ( T _ 2 + S ; 2 ) / 2 ) )  +E Z-BkiCkj (
k"l 1=1
( j n / 4 L ) / R ( v A i / 2 o ) ( f _ i + f + 2 ) k ( t + i + ( T + 2 +
5^,2 ) / 2 )  + ( l - v ) / 4 R ( J n / L ) ( A i / 4 a ) ( f _ i + f + 2 ) *
l ( t _ i + ( T _ 2 + S ; 2 ) / 2 )  + ( A ] /R ) /8 6 R ( S g ^ + g _ i -
n n
( f . , + f  2 ) / 2 ) l k ( T ' p + S  p )  + E  î C ,  C ( - v A , / % o R (  +1 -2  +2 - 2  k l  k j  1K X 1*1
n J / 2 L ) ( f _ ^ + f + 2 ) ( t + i + ( T + 2 + S : 2 ) / 2 )  +( .1n/2L)^(
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'+l+(T+2+Sl2))(Bl/2(8+i)+vAi/4R( +
8 + l + ( f + l + f _ 2 ) / 2 ) )  + ( l / i » e ) ( l / H ) ( A ^ / R ) (
B^ /R )d^( jn /2  + ( 1 / R ) ( k / R ) (
( t _ i + ( T _ 2 + 8 ; 2 ) / 2 ) ( v B i / 2 ( S _ i ) + A i / 4 R ( S a  +
n n
8 . 1 - ( f + l + f + 2 ) / 2 ) )  +E S ^ k i V l  ( -v Jn B i /2 R L (
k * l  1=1
t + l + ( T + 2 + S l 2 ) / 2 ) 6 _ l  + l d a .B i / R 2 6 ( q _ i ) (
nn
T» +S _ ) )  + Z Z B k i C k j ( ~ ( l - v ) / 8 ( A i / 6 ) ( J n / 2 L )  (
■^ 2 k-1 1-1
S a i + S + l + ( f + l + f - 2 ) / 2 ) ( T l 2 + 8 _ 2 ) y c  (
( 1 - v ) / 4 B ( a / 2 R ) ( j n / 2 L ) ( S  +g^ ) + ( f  + f _ 2 > /2 ) *
J- a i  +1 +1
1 ( T ;2 + S _ 2 ) ) ]  ( 4 .3 8 b )
The i n t e g r a t i o n  o f  t h e  i n t e g r a l  i s  i d e n t i c a l  e x c e p t  f o r  
t h e  i n t e g r a t i o n  l i m i t s .
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and f o r  b e n d in g  a r e  :
13/ e ^  «agboCE Z A j i A j k ( l - v ) / R 2 ( T i / R ) 2 / 9 6 ( k i ) g O i t 2 i +  
k -1  1-2
E E A ^ ^ B j^ ( l - v ) ( T i / R ) ^ / 3 2 ( , J n / 4 R L ) g ° ^ k t ° i +  
k -1  1=1
"  E B ^ iB j iç (T ^ /R )^ /1 2 R ^ (k l )g °^ t °^  + 
k -1  1-1
(l-v)/2(T^/R)^(jn/2L)^g°i^-l +
E E C j i C j k ( ( T i / l 2 ) g 2 i ( ( J n / 2 L ) 2  + ( k / R ) 2 ) (  
k -1  l - ' i
( j n / 2 L ) 2 + ( l / R ) 2 ) t ° ^ + ( i - v ) / 6 ( T ^ / R ) ^ (
jn /2 L )2 (g 0 ^ k lt° i -g 2 i i^ t°^ )  -
E Z C , i B , % ( ( l - v ) / 6 R ( J n / 2 L ) 2 T 2 g 2 i t O i )  
k = l  1-1
E E A , , C , ,  ( ( l - v ) / R 3 ( j n / 2 L ) ( T 2 / 1 2 ) g O  k l t ° i  ).11 jk 1 + 1 - 1
k-1  1=1
E E B j j C j % ( ( l - v ) / 4 R 2 ( j n / 2 L ) 2 T 2  g O ^ k t ^ i  +
k - 1  1 -i
T 2 / 6 R 2 g 2 i k ( ( i n / 2 L ) 2 + ( l / R ) 2 ) t + i )  ( i l . 3 8 d )
s u b s t i t u t i o n  o f  t h e  I n t e g r a l s  I n t o  E q u a t io n  ( 4 .3 7 )  I s  t h e  
f i n a l  p o t e n t i a l  e n e rg y  f o r  t h e  s y s te m .
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4 .4  M i n i m i z a t i o n  o f  P o t e n t i a l  e n e r g y .
Tak ing  t h e  p a r t i a l  d e r i v a t i v e s  o f  t h e  p o t e n t i a l  e n e r g y  
w i t h  r e s p e c t  t o  t h e  a r b i t r a r y  c o n s t a n t s  o f  t h e  assumed 
b u c k l i n g  d i s p l a c e m e n t  f u n c t i o n ,  and f o r  hom ogenui ty  
l e a v i n g  t h e  i n d i c e s  o f  t h e  c o n s t a n t s  t h e  b u c k l i n g  
d e t e r m i n a n t  i s  fo rm ed .
(« .3 9 )
The f i n a l  b u c k l i n g  d e t e r m i n a n t  i n  g e n e r a l  i s  g i v e n  by
0 1 S
C(K,L) » C(K,L) + C(K.L) + e e C(K,L) + e. C(K,L)
^1 s Sq d &o
( 4 . 4 0 )
where K v a r i e s  from 1 t o  3 
and L v a r i e s  from 1 t o  3,
B
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C(K,L) I s  t h e  g e n e r a l  r e p r e s e n t a t i o n  o f  t h e  e l e m e n t s  o f  t h e  
b u c k l i n g  d e t e r m i n a n t .  T h ese  e l e m e n t s  r e q u i r e  a g r e a t  d e a l  
o f  n u m e r i c a l  co m p u ta lo n  b e f o r e  a p p l y i n g  t h e  J a c o b i ’ s method 
f o r  f i n d i n g  t h e  e i g e n v a l u e  f o r  a r e a l  sym m etr ic  m a t r i x .  The 
e l e m e n t s  were c o n v e r t e d  I n t o  n o n - d l m e n s l o n a l l z e d  form t o  
f a c i l i t a t e  e a s i e r  c o m p u t a t i o n .
The s u p e r s c r i p t s  0 o r  1 I n  t h e  e q u a t i o n  o f  t h e  e l e m e n t s  o f
t h e  d e t e r m i n a n t  r e p r e s e n t  w h e th e r  t h e  te rm  I s  f o r  t h e
i m p e r f e c t i o n  o r  f o r  t h e  c y l i n d r i c a l  s h e l l  r e s p e c t i v e l y ,  and
S o r  B I s  f o r  t h e  s t r e t c h i n g  o r  b e n d in g  o f  t h e  I m p e r f e c t i o n
r e s p e c t i v e l y .  As can  be s e e n  from e q u a t i o n  4 . 4 0 ,  t h e
second  t e r m  o f  t h e  e le m e n t  c o n s i s t s  o f  e _ which I s  th e
&1
d i s t o r t i o n  p a r a m e t e r ,  t h e  t h i r d  t e r m  c o n s i s t s  o f  t h e  p r o d u c t  
o f  s t r e t c h i n g  s t i f f n e s s  and t h e  u n d l s t o r t e d  p a r a m e t e r  
w h e r e a s ,  t h e  f o u r t h  te rm  c o n s i s t s  o f  t h e  p r o d u c t  o f  t h e  
b e n d in g  s t i f f n e s s  and t h e  u n d l s t o r t e d  p a r a m e t e r .
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CHAPTER 5 
ANALYTICAL STUDIES
5 .1  Method o f  A n a l y s i s .
Based on  t h e  t h e o r e t i c a l  d e v e lo p m e n t s  o f  C h a p te r  3 
P r e b u c k l i n g  and  C h a p te r  4 B u c k l i n g ,  a  FORTRAN IV com puter  
p rogram  was d e v e lo p e d  t o  p e r f o r m  t h e  c a l c u l a t i o n s .  A 
c o m p le te  l i s t i n g  i s  r e p r o d u c e d  i n  Appendix  A.
Only one d a t a  c a r d  which  i n c l u d e s  t h e  a s p e c t  r a t i o ,  l e n g t h  
t o  r a d i u s  r a t i o ,  w i d t h  o f  r e c t a n g u l a r  i m p e r f e c t i o n  t o  t h e  
r a d i u s  r a t i o ,  and t h e  l o c a t i o n  o f  t h e  r e c t a n g u l a r  i m p e r f e ­
c t i o n  i s  r e q u i r e d  t o  d e f i n e  t h e  s h e l l  and  i t s  i m p e r f e c t i o n .  
P e r m u t a t i o n s  and  c o m b i n a t i o n s  o f  t h e  above can be made t o  
o b t a i n  v a r i o u s  v a l u e s  o f  t h e  b u c k l i n g  l o a d  p a r a m e t e r ,  which 
i s  t h e  l e a s t  p o s i t i v e  e i g e n v a l u e .  Number o f  t e r m s  i n  t h e  
v a r i o u s  s e r i e s  can  be  v a r i e d  i n  t h e  p ro g ram .
A m a c r o - f l o w c h a r t  o f  t h e  p rogram  i s  shown i n  F i g u r e  A . I .  
F i r s t ,  t h e  c o n s t a n t s  o f  t h e  assumed p r e b u c k l i n g  d i s p l a c e m e n t  
f u n c t i o n s  a r e  c a l c u l a t e d .  Then ,  a f t e r  t h e  summation o f  t h e
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r e q u i r e d  t r i g o n o m e t r i c  f u n c t i o n  p e r t a i n i n g  t o  t h e  b u c k l i n g  
a n a l y s i s  i s  c o m p le t e d ,  t h e  e l e m e n t s  o f  t h e  b u c k l i n g  
d e t e r m i n a n t  a r e  found  and t h e  sym m etr ic  b u c k l i n g  m a t r i x  i s  
d e v e l o p e d .  The r e s u l t i n g  homogeneous b u c k l i n g  e q u a t i o n s  
a r e  t h e n  s o l v e d  u s i n g  J a c o b i  method f o r  f i n d i n g  t h e  
e i g e n v a l u e  o f  a r e a l  sym m etr ic  m a t r i x .
The com pute r  p rogram  was u s e d  t o  s t u d y  t h e  e f f e c t  o f  
r e c t a n g u l a r  i m p e r f e c t i o n  on c y l i n d r i c a l  s h e l l  b u c k l i n g  
s t r e n g t h .
5 ,2  S e l e c t i o n  o f  S h e l l s  f o r  S tu d y .
Two s h e l l s  h a v in g  t h e  same r a d i u s  b u t  d i f f e r e n t  t h i c k n e s s e s  
were s e l e c t e d  f o r  s t u d y i n g  t h e  e f f e c t  o f  r e c t a n g u l a r  
I m p e r f e c t i o n  on t h e  b i f u r c a t i o n  p o i n t  l o a d .  The f o l l o w i n g  
s e c t i o n s  d e s c r i b e  t h e  v a r i o u s  p a r a m e t e r s  f o r  t h e  p r e b u c k l i n g  
and b u c k l i n g  a n a l y s i s  t h a t  were  made u s i n g  t h e  computer  
p rogram  o f  Appendix  A.
5 . 2 . 1  P r e b u c k l i n g :
(a )  The i m p e r f e c t i o n  p a r a m e t e r  v ( r e c t a n g u l a r  i m p e r f e ­
c t i o n  ) was d e r i v e d  i n  t h e  p r e b u c k l i n g  a n a l y s i s .
T h is  p a r a m e t e r  d e p en d s  on t h e  r a t i o  o f  t h e  p r i n c i p a l  
r a d i u s  o f  t h e  c y l i n d r i c a l  s h e l l  t o  t h e  t h i c k n e s s  
o f  t h e  s h e l l  and t h e  a s p e c t  r a t i o  o f  t h e  r e c t a n ­
g u l a r  i m p e r f e c t i o n .  T h i s  p a r a m e t e r  i s  o b t a i n e d
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f o r  t h e  c o r r e s p o n d i n g  r a t i o  o f  t h e  decay  l e n g t h  t o  
t h e  s h e l l  r a d i u s  In  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  
and g o v e r n s  t h e  p r e b u c k l i n g  s t r e s s  d i s t r i b u t i o n  and  
t h e  d i s p l a c e m e n t s  f o r  a  c i r c u l a r  c y l i n d r i c a l  s h e l l  
w i t h  a  r e c t a n g u l a r  I m p e r f e c t i o n  I n  I t s  s i d e .  In 
t h e  p r e b u c k l i n g  a n a l y s i s ,  t h e  p r e b u c k l i n g  d i s p l a c e ­
m e n t s  a r e  l o c a l i z e d  a ro u n d  t h e  p e r i p h e r y  o f  t h e  
r e c t a n g u l a r  I m p e r f e c t i o n  and  a c c o u n t  f o r  b o t h  t h e  
s t r e t c h i n g  and bend in g  s t r e s s e s .  F o r  a c o n s t a n t  
a s p e c t  r a t i o  o f  t h e  r e c t a n g u l a r  I m p e r f e c t i o n  and 
t h e  r a t i o  o f  I m p e r f e c t i o n  w i d t h  t o  r a d i u s  o f  th e  
c y l i n d r i c a l  s h e l l ,  t h e  r a t i o  o f  decay  l e n g t h  In  t h e  
c i r c u m f e r e n t i a l  d i r e c t i o n  t o  t h e  p r i n c i p a l  r a d i u s  
I s  v a r i e d .  T h i s  s t r a t e g y  I s  r e q u i r e d  s i n c e  t h e  
c i r c u m f e r e n t i a l  d ecay  l e n g t h  h a s  a weak dependence  
on t h e  s h e l l  c u r v a t u r e .
(b )  The o n l y  l o a d  p a r a m e t e r  c o n s i d e r e d  was t h e  r a t i o  
o f  t h e  c r i t i c a l  l o a d  t o  t h e  c l a s s i c a l  l o a d  In t h e  
a x i a l  d i r e c t i o n .  The p r e s s u r l z a t l o n  p a r a m e t e r  
was t a k e n  a s  z e r o  f o r  t h i s  s t u d y .  The a x i a l  l o a d  
p a r a m e t e r  was s e t  a t  0 .5  and 1*0 to  o b t a i n  t h e  l e a s t  
and c o n s i s t a n t  p o s i t i v e  e i g e n v a l u e s  from t h e  b u c k l i n g  
a n a l y s i s ,
5 . 2 . 2  B u c k l in g :
61
The main p a r a m e t e r s  f o r  t h e  b i f u r c a t i o n  p o i n t  l o a d  
a n a l y s i s  a r e :  t h e  r a t i o  o f  p r i n c i p a l  r a d i u s  o f  t h e  
c y l i n d r i c a l  s h e l l  t o  t h e  t h i c k n e s s  o f  t h e  s h e l l ,  
r a t i o  o f  l e n g t h  o f  t h e  c y l i n d r i c a l  s h e l l  to  t h e  
r a d i u s  o f  t h e  s h e l l ,  a s p e c t  r a t i o  o f  t h e  r e c t a n g u l a r  
i m p e r f e c t i o n ,  t h e  r a t i o  o f  i m p e r f e c t i o n  w id th  a lo n g  
th e  c i r c u m f e r e n t i a l  d i r e c t i o n  t o  th e  p r i n c i p a l  
r a d i u s  o f  t h e  c y l i n d r i c a l  s h e l l ,  t h e  r a t i o  o f  
i m p e r f e c t i o n  l e n g t h  t o  t h e  l e n g t h  o f  t h e  c y l i n d e r ,  
and t h e  l o c a t i o n  p a r a m e t e r s  o f  t h e  r e c t a n g u l a r  
i m p e r f e c t i o n  b o th  i n  t h e  a x i a l  and c i r c u m f e r e n t i a l  
d i r e c t i o n ,  and t h e  r a t i o  o f  t h e  t h i c k n e s s  o f  t h e  
r e c t a n g u l a r  i m p e r f e c t i o n  t o  t h e  t h i c k n e s s  o f  t h e  
s h e l l .  The l o c a t i o n  p a r a m e t e r  i n  the  c i r c u m f e ­
r e n t i a l  d i r e c t i o n  was t a k e n  a s  z e r o ,  s i n c e  i t  was 
assumed to  p a s s  t h r o u g h  t h e  a x i s  o f  symmetry o f  t h e  
c y l i n d r i c a l  s h e l l .
(b )  The membrane s t i f f n e s s  p a r a m e t e r  and t h e  b e n d in g  
s t i f f n e s s  p a r a m e t e r  d e r i v e d  i n  t h e  p r e b u c k l i n g  
a n a l y s i s  a c t  a s  m u l t i p l y i n g  f a c t o r s  f o r  t h e  
c o r r e s p o n d i n g  t e r m s  o f  t h e  e l e m e n t s  i n  t h e  b u c k l i n g  
m a t r i x .  The membrane s t i f f n e s s  p a r a m e t e r  v a r i e s  
l i n e a r l y  w i t h  r e s p e c t  t h e  r a t i o  o f  t h i c k n e s s  o f  th e  
I m p e r f e c t i o n  t o  t h a t  o f  t h e  s h e l l .  The membrane and
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b e n d in g  s t i f f n e s s  p a r a m e t e r s  a r e  so form ed to  be 
e q u a l  t o  z e r o  when t h e r e  i s  no v a r i a t i o n  in  t h e  
t h i c k n e s s  o f  t h e  s h e l l  and t h e  i m p e r f e c t i o n .  These 
p a r a m e t e r s  a r e  t a k e n  a s  p o s i t i v e  o r  n e g a t i v e  d e pen ­
d i n g  up6n w h e th e r  t h e  t h i c k n e s s  o f  t h e  r e c t a n g u l a r  
i m p e r f e c t i o n  i s  more o r  l e s s  t h a n  t h e  t h i c k n e s s  o f  
t h e  c y l i n d r i c a l  s h e l l  r e s p e c t v e l y .  I t  was found 
t h a t  t h e  b e n d in g  s t i f f n e s s  p a r a m e t e r  p r e d o m i n a t e s  
i n  making  t h e  i m p e r f e c t  s h e l l  t o  b i f u r c a t e  p r e m a t ­
u r e l y .  Each e lem en t  o f  t h e  b u c k l i n g  m a t r i x  c o n s i s t s  
o f  t h e  membrane s t i f f n e s s  p a r a m e t e r  and  t h e  ben d in g  
s t i f f n e s s  p a r a m e t e r ,  t o g e t h e r  w i t h  t h e  c o m b in a t io n  
o f  i m p e r f e c t i o n  s t i f f n e s s  p a r a m e t e r s .
(c )  The i m p e r f e c t i o n  s t i f f n e s s  p a r a m e t e r s  depend on t h e  
d e ca y  l e n g t h  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n .  The 
i m p e r f e c t i o n  s t i f f n e s s  p a r a m e t e r  i n  t h e  c i r c u m f e r ­
e n t i a l  d i r e c t i o n  i s  a p p r o x i m a t e l y  t h r e e  t i m e s  l e s s  
t h a n  t h e  i m p e r f e c t i o n  s t i f f n e s s  p a r a m e t e r  i n  t h e  
a x i a l  d i r e c t i o n .  Prom t h i s  f a c t  , th e  c y l i n d r i c a l  
s h e l l  w i t h  r e c t a n g u l a r  i m p e r f e c t i o n  i n  i t s  s i d e  , 
u n d e r  t h e  a c t i o n  o f  a x i a l  c o m p r e s s iv e  l o a d  , b l f u r -  
c a t e s  w i t h  c o n s i d e r a b l e  d i s t o r t i o n  o f  g eom etry  a t  
th e  p o i n t  o f  d i s c o n t i n u i t y .
Based on t h e  a b o v e ,  s h e l l s  w i t h  r a d i u s  t o  t h i c k n e s s  r a t i o  o f
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100 and 200 were s e l e c t e d  f o r  n u m e r i c a l  s t u d y .  The o t h e r  
p a r a m e t e r s ,  t h e  a s p e c t  r a t i o  o f  t h e  r e c t a n g u l a r  i m p e r f e c t i o n ,  
l e n g t h  t o  r a d i u s  r a t i o ,  w id th  o f  t h e  r e c t a n g u l a r  i m p e r f e c t i o n  
t o  t h e  r a d i u s ,  t h i c k n e s s  o f  t h e  i m p e r f e c t i o n  t o  t h e  t h i c k n e s s  
o f  t h e  s h e l l ,  w h ich  were  u s e d  t o  s t u d y  t h e  s u b j e c t  s h e l l s  
a r e  shown i n  T a b l e s  5 .1  and 5 . 2 .  I n  t h e s e  t a b l e s  t h e  l a s t  
two columns a r e  f rom t h e  c om p u te r  r e s u l t s .
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o\U1
ram a o /  b 2L/H 2b^/R Tg/T^ ■ 0
Load i n  l b s
T2/ T 1 - . 5  
Load in l b s
n
T2 / T 1
0 . 0
Comp. R e su l t
V h
0 . 5
1 . 25 .4 .1570 1 8 1 1 . 0 8 1 3 5 6 . 9 2 14 15 .7481 . 5 6 0 5
2 .2 5 .8 .1570 1799 .95 1177 .36 16 17 .7 4 3 5 .4863
3 .25 1 . 2 .1570 • 1 6 3 2 . 6 6 1224.74 17 18 .67 4 4 . 5 0 5 9
. 25 1 . 6 .1570 1645 .25 978.78 18 16 .6796 .4043
5 .50 .4 .1570 1 5 5 5 . 6 8 1453 .99 10 13 .6426 .6 0 0 6
6 . 5 0 .8 .1570 1 3 9 4 . 2 0 1 2 2 8 . 1 3 11 15 .5759 .5 0 7 3
7 .50 1 .2 .1570 1478.45 113 7 .59 12 16 . 6 1 0 7 .4699
8 .50 1 .6 .1570 1433.47 116 9 .78 12 17 . 5 9 2 1 .4832
9 .75 .4 .1570 1581.82 14 00 .25 10 12 .6 5 3 4 -.5784
10 .75 .8 .1570 1 6 3 0 .2 4 1 2 6 7 . 5 9 10 14 .6734 .52 36
11 . 75 1 . 2 .1570 1 5 6 8 . 2 6 1224.74 14 15 .6478 .5 0 5 0
12 .75 1 . 6 .1570 1423 .01 1 3 0 0 . 2 7 11 16 .5878 .5371
13 1 . 0 0 . 4 .1570 15 38.97 1 3 3 6 . 5 8 13 12 . 6 3 5 7 .5 5 2 1
14 1 . 0 0 . 8 .1570 1 5 5 5 . 4 4 1108.05 10 10 .6425 .4 5 7 7
15 1 .0 0 1 . 2 .1570 1465.38 1 1 1 5 . 8 0 10 14 .6053 .4609
16 1 .0 0 1 .6 .1570 1 3 9 4 . 4 4 1224.50 11 15 .5760 . 5 0 5 8
17 .25 .4 .6280 1 7 5 8 . 5 5 1145.33 10 10 .7264 .4 7 3 1
18 .25 . 8 .6280 1 5 2 0 . 5 7 1146 .54 11 12 . 6 2 8 1 . 4 7 3 6
19 .25 1 . 2 .6280 1462.71 1148.96 11 13 .6042 .4746
20 .25 1 . 5 .6280 1 1 7 3 . 9 0 841.02 12 13 .4849 .3474
21 .50 . 4 .6280 1496.12 997.42 9 9 .6 1 8 0 .4112
22 .50 . 8 .6280 1395.65 8 5 4 .3 4 10 10 . 5 7 6 5 .3 5 2 9
23 .50 1 . 2 .6280 1 2 3 8 . 0 5 9 6 7 . 8 8 10 11 .5114 .3998
24 .50 1 . 6 .6280 11 81.40 9 0 1 . 7 9 10 11 .4880 . 3 7 2 5
25 .75 .4 .6 280 1 1 3 0 . 0 8 1 2 9 5 . 9 1 9 10 . 4668 .5353
26 .75 .8 .6280 1 1 0 9 . 2 6 1117.00 9 10 .4582 .4614
27 .75 1 . 2 .6280 1 1 0 6 . 1 1 853.13 9 10 . 4 5 6 9 .3524
28 .75 1 .6 .6280 1 0 6 2 . 7 8 8 7 2 .7 4 9 10 . 4 3 9 0 . 3 6 0 5
29 1 .0 0 .4 .6280 1 0 9 4 . 7 4 967.40 8 9 .4 5 2 2 .3996
30 1 .0 0 .8 .6280 1080.21 7 3 0 . 3 9 7 10 .4462 . 3 017
31 1 . 0 0 1 .2 .6280 1026 .47 104 5 .11 8 10 .4240 . 4 3 1 7
32 1 . 0 0 1 . 6 .628 0 1 0 3 8 . 5 7 8 5 2 . 8 9 9 10 .4290 . 3 523
p a l ,  R/T^ ■100.00 , T^" 0 .0 4  i n s ,  V ■ 0 . 3 • \ a - ( i ) « 2 4 2 0 . 9 1
T able 5 .1  S h e ll  im p e r fe c t io n  param eters.
eno\
mm V*0 2L/R 2 bo/R T^/Ti-O
Load In Lbs
T2 /T 1- I . 5  
Load In Lbs
n
Tg/T
0 . 0
1
0 . 5
Comp. R e su l t
1 - . 2 5 .4 .1570 6 7 0 . 0 0 9 0 1 . 9 1 17 39 .5535 .7 4 5 1
2 .25 .8 .1570 600.27 8 2 3 . 3 5 19 28 .4 9 5 9 .6802
3 .25 1 . 2 .1570 519.04 7 0 2 . 4 3 20 29 .4288 . 5 8 0 3
4 .25 1 . 6 .157 0 498.95 5 3 7 .6 8 21 29 .4122 .4442
5 .50 .4 .1570 6 5 3 . 1 6 802 .17 15 22 .5396 .6627
6 .50 . 8 .1 570 6 6 1 .3 9 7 1 0 .7 8 17 25 .5464 .5872
7 .50 1 . 2 .1570 5 9 9 . 6 6 6 3 4 . 1 6 18 26 .4 9 5 4 . 5 2 3 9
8 .50 1 . 6 .1570 5 99.66 486.36 18 26 .4 9 5 4 .4018
9 .75 . 4 .1570 6 43.11 777.84 14 20 .5 3 1 3 .6426
10 .75 .8 .1570 600.14 6 9 6 , 6 2 15 28 .4 9 5 8 .5755
11 .75 1 . 2 .1570 5 6 5 . 5 2 6 3 0 . 8 9 16 25 .4672 .5212
12 .75 1 . 6 .1570 5 5 5 . 9 6 535.02 17 25 .4 5 9 3 .4420
13 1 . 0 0 . 4 .1570 6 7 6 . 1 6 795.27 14 18 .5 5 8 6 . 6 5 7 0
14 1 . 0 0 .8 .1570 6 5 2 . 9 2 7 2 3 . 0 0 15 23 . 5 3 9 4 .5973
15 1 . 0 0 1 . 2 .1570 6 3 0 . 4 3 6 7 5 . 4 3 16 24 .5 2 0 6 .5580
16 1 . 0 0 1 . 6 .1570 565.52 5 2 2 . 9 2 16 24 .4672 . 432,0
17 .25 .4 .6280 505.85 1 0 2 7 . 9 3 13 19 .3 6 9 3 . 7 8 8 9
18 .25 .8 .6280 4 4 7 . 0 2 9 5 4 . 9 3 13 19 .3693 .7889
19 .25 1 . 2 .6280 440.48 6 8 6 .4 5 14 19 .3639 .5671
20 .25 1 .6 .6280 469.54 6 66 . 9 6 15 20 .3879 . 5 5 1 0
21 .50 .4 .6280 5 0 5 . 4 9 939.31 11 17 .4176 . 7 7 6 0
22 .50 . 8 . 6 2 8 0 4 9 2 . 5 3 843.93 19 17 .4069 .6 9 7 2
23 .50 1 . 2 .6 2 8 0 4 5 9 . 9 7 7 3 6 .5 6 12 21 .3800 .6085
24 .50 1 . 6 .6 2 8 0 446.90 6 9 8 . 6 7 13 18 .3692 .5 7 7 2
25 .75 .4 . 6 2 8 0 4 8 5 .9 9 8 0 8 . 2 2 11 13 .4015 .6677
26 .75 .8 . 6 2 8 0 4 7 6 . 1 9 786.19 15 17 .3 9 3 4 .6495
27 .75 1 . 2 . 6 2 8 0 487.08 6 9 0 . 2 0 19 17 .4024 .570 2
28 .75 1 . 6 ,6280 463.73 6 1 3 . 9 4 12 19 .3 8 3 1 . 5 0 7 2
29 1 .0 0 .4 .6 2 8 0 486 .72 797 .57 10 14 .4021 .6589
30 1 .00 . 8 .6280 504 .88 755.21 11 16 .4171 . 6 2 3 9
31 1 . 0 0 1 . 2 .6 2 8 0 4 7 3 . 1 7 7 4 2 . 4 9 16 15 .3 9 0 9 .61 34
32 1 . 0 0 1 . 6 . 6 2 8 0 484.55 5 9 5 . 6 7 19 16 .4003 .4 9 2 1
10^ p a l ,  R/T^"200.00.  0 .04  1ns  ,  v -  0 . 3  ,  Njja“ ( ’^ )*1210.J46
T able 5 .2  S h e ll  im p e r fe c t io n  p aram eters.
5 .3  D i s c u s s i o n  o f  t h e  R e s u l t s  o f  Computer A n a l y s i s .
F i g u r e s  5 .1  t o  5 .5  show t h e  v a r i a t i o n  o f  t h e  lo a d  a s  a 
f u n c t i o n  o f  v a l u e  o f  t h e  d e t e r m i n a n t  f o r  t h e  p a r a m e t e r s  
s t a t e d  i n  t h e  p r e v i o u s  s e c t i o n .  Each f i g u r e  i s  f o r  two 
s h e l l s  h a v in g  r a d i u s  t o  t h i c k n e s s  r a t i o  o f  100 and 200,
F i g u r e s  5 .1  and  5 .2  a r e  f o r  a  r e c t a n g u l a r  i m p e r f e c t i o n  
h av in g  an  a s p e c t  r a t i o  o f  1 . 5 .  F i g u r e  5 .1  i s  f o r  a  
c u t o u t  and F i g u r e  5 . 2  i s  f o r  a g e n e r a l  i m p e r f e c t i o n  o f  
t h e  same t h i c k n e s s  a s  t h e  s h e l l .
F i g u r e s  5 .3  and  5 .4  a r e  f o r  a  r e c t a n g u l a r  i m p e r f e c t i o n  w i th  
an  a s p e c t  r a t i o  o f  0 . 5  and v a r y i n g  i m p e r f e c t i o n  t h i c k n e s s e s .
The a n a l y s e s  r e p r e s e n t e d  by F i g u r e  5 .1  t o  5 .5  show t h a t ,  
s i n c e  t h e  b u c k l i n g  l o a d  p a r a m e t e r  x i s  t h e  r a t i o  o f  t h e  
b u c k l i n g  l o a d  o f  i m p e r f e c t  t o  t h e  c l a s s i c a l  b u c k l i n g  lo a d  
o f  t h e  p e r f e c t  s h e l l ,  t h e  b u c k l i n g  l o a d  p a r a m e t e r  
a p p ro a c h e s  1 , 0  a s  t h e  t h i c k n e s s  o f  t h e  i m p e r f e c t i o n  
a p p ro a c h e s  t h e  t h i c k n e s s  o f  t h e  s h e l l .
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Ratio of Load X [Pcr/fol ]
0 .2
0 .05
0 .10
■p
§c«H
gVP0)Q
a,Q/bQ=1.5, 2L/R = 3 .0
2 b Q /R » .7 85 ,d ^ /L  = 1 . 0  
TV T ^-O .O  , n = 4
0 . 2 0
0 .25
Figure 5.1 Variation of buckling load with
determinant.
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Ratio of Load A
c
i0)■p(U
p
0 . 0 0 . 2
0 .20
0 . 4 0
0 . 60
a n / b n = l * 5  > 2L/R
2 b _ / R - . 7 8 5 ,  à / h  = 1 . 0
0 . 8 0
1 . 0 0
Figure 5.2 Variation of buckling load with
determinant *
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Ic•H
I
• P0)o
R a t i o  o f  Load X
0 .2
0 . 1 0
0 .2 0 R / T i »  200
2L/R= 4 .0
0 . 3 0
2bQ/R=.785 ,  da/L= 1 .0
0 .4 0
0 .5 0
Figure 5.3 Variation of buckling load with
determinant.
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c(d
C
0)■p0)D
R a t i o  o f  Load A
0.20 . 0
R/T = 1000 . 2 0
R/T = 200
0 .4 0
2L/R
0 .60
2bO/R = .6 2 8 0  dL/L
O.SO
1 . 0 0
Figure 5.4 Variation of buckling load with
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Figure 5.5 Variation of buckling load with
determinant.
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F i g u r e s  5 .6  t o  5 . 9  show t h e  v a r i a t i o n  o f  t h e  l o a d  v e r s u s  
t h e  a s p e c t  r a t i o  o f  t h e  i m p e r f e c t i o n  f o r  d i f f e r e n t  s h e l l  
l e n g t h  t o  r a d i u s  r a t i o s .
F i g u r e  5 .6  i s  f o r  w i d t h  o f  i m p e r f e c t i o n  t o  r a d i u s  r a t i o  o f  
0 .15 7 0  and F i g u r e  5 .7  i s  f o r  0 ,6 2 8 0 ,  Both  f i g u r e s  a r e  
f o r  a  s h e l l  h a v in g  a  r a d i u s  t o  t h i c k n e s s  r a t i o  o f  2 0 0 . 0 .
The b e h a v i o r  o f  t h e  s h e l l  f o r  d i f f e r e n t  l e n g t h  t o  r a d i u s  
r a t i o s  i s  a l m o s t  unchanged  a s  shown i n  F i g u r e  5 , 6 ,  w h e r e a s ,  
t h e r e  i s  a  d r a s t i c  change shown i n  F i g u r e  5 . 7 .
F i g u r e s  5 .8  and 5 .9  a r e  f o r  d i f f e r e n t  a s p e c t  r a t i o s  o f  t h e  
r e c t a n g u l a r  i m p e r f e c t i o n ,  b u t  o t h e r w i s e  t h e  same a s  t h e  
s h e l l s  f o r  F i g u r e s  5 .6  and  5 . 7 .  The a n a l y s e s  r e p r e s e n t e d  
by F i g u r e s  5 . 8  and  5 . 9  show t h a t  t h e  b u c k l i n g  l o a d  d e c r e a s e s  
a s  t h e  a s p e c t  r a t i o  o f  t h e  r e c t a n g u l a r  i m p e r f e c t i o n  
i n c r e a s e s .
The r e c t a n g u l a r  i m p e r f e c t i o n  p a r a m e t e r  g i v e n  by
VI •  C * [ ( 2 b Q / R ) 2 * ( R / T ^ ) l / 2 # ( i + a ^ / b Q ) ]
where  C ■ 1 / 8  * ( 1 2 ( 1 - v )
was u s e d  t o  d e v e lo p  t h e  c u r v e s  shown i n  F i g u r e s  5 .1 0  and 
5 . 1 1 .  F i g u r e  5 .1 0  i s  f o r  an  i m p e r f e c t i o n  w id th  t o  r a d i u s  
r a t i o  o f  0 .1 5 7 0  and P i r g u r e  5 .1 1  i s  f o r  0 .6 2 8 0 .  The
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Figure 5.6 Variation of buckling load with
aspect ratio of rectangular imperfection.
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Figure 5.8 Variation of buckling load with
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Figure 5.9 Variation of buckling load with
length to radius of the shell.
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r a t i o  o f  t h e  t h i c k n e s s  o f  t h e  i m p e r f e c t i o n  t o  t h a t  o f  t h e  
s h e l l  i s  1 . 5 .  These  f i g u r e s  show t h e  v a r i a t i o n  o f  t h e  
l o a d  a s  a  f u n c t i o n  o f  t h e  i m p e r f e c t i o n  p a r a m e t e r  f o r  
t h e  same s h e l l s .  The b u c k l i n g  l o a d  p a r a m e t e r  d e c r e a s e s  
w i t h  i n c r e a s e  o f  t h e  i m p e r f e c t i o n  p a r a m e t e r .  The sha p e  
o f  c u r v e s  shows g e n e r a l  a g re e m e n t  w i th  c u r v e s  d e v e lo p e d  
by K o i t e r  f o r  s h e l l s  w i t h  g e n e r a l  i m p e r f e c t i o n s .  The 
s t e e p n e s s  o f  t h e  c u r v e s  shows t h a t  t h e  s h e l l  s t r u c t u r e  
i s  v e r y  much s e n s i t i v e  t o  a  r e c t a n g u l a r  i m p e r f e c t i o n .
F i g u r e  5 .1 2  i s  f o r  a  r e c t a n g u l a r  i m p e r f e c t i o n  h a v i n g  a 
w id th  t o  r a d i u s  r a t i o  0 ,1 5 7 0  and F i g u r e  5 .1 3  i s  f o r  0 .6 2 8 0 .  
Both  o f  t h e s e  c u r v e s  a r e  f o r  a  r a t i o  o f  t h i c k n e s s  o f  t h e  
i m p e r f e c t i o n  t o  t h a t  o f  t h e  s h e l l  o f  1 , 5 .  F i g u r e s  5 .1 2  
and  5 .1 3  show t h e  v a r i a t i o n  o f  t h e  l o a d  as  a  f u n c t i o n  o f  
t h e  c u r v a t u r e  p a r a m e t e r .  T h ese  two f i g u r e s  r e v e a l  t h e  
r e d u c t i o n  i n  l o a d  a s  t h e  g e o m e t r i c  p a r a m e t e r  i n c r e a s e s .
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Figure 5.10 Variation of buckling load with
imperfection parameter.
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CHAPTER 6
SUMMARY AND CONCLUSION
In  t h i s  s t u d y  t h e  b i f u r c a t i o n  p o i n t  l o a d  f o r  c y l i n d r i c a l  
s h e l l  h a v in g  a  r e c t a n g u l a r  i m p e r f e c t i o n  was o b t a i n e d  by 
a d o p t i n g  t h e  K o i t e r ’ s c o n c e p t  o f  i n i t i a l - p o s t b u c k l i n g  
t h e o r y  f o r  i m p e r f e c t  s h e l l s .  S i n c e  l i n e a r  p r e b u c k l i n g  
b e h a v i o r  i s  a ssum ed ,  t h e  b i f u r c a t i o n  p o i n t  l o a d  a n a l y s i s  
l e a d s  t o  a l i n e a r  e i g e n v a l u e  p ro b le m .  I n  t h i s  c a s e  t h e  
b i f u r c a t i o n  p o i n t  l o a d  a n a l y s i s  i s  r e l a t i v e l y  s i m p l e ,  and  
e m i n e n t l y  u s e f u l  way t o  d e t e r m i n e  t h e  s t a b i l i t y  l i m i t .  
A l th o u g h  n o n l i n e a r  s t r a i n  d i s p l a c e m e n t  r e l a t i o n s h i p s  o f  
s h a l l o w  s h e l l s  a r e  assumed f o r  d e r i v i n g  t h e  p o t e n t i a l  
e n e r g y  e x p r e s s i o n s  f o r  t h e  b u c k l i n g  a n a l y s i s ,  when i t  comes 
t o  t h e  q u e s t i o n  o f  c o n s i d e r i n g  t h e  second  o r d e r  t e r m s  o f  
t h e  t o t a l  p o t e n t i a l  e n e r g y ,  t h e  e q u a t i o n  e x h i b i t s  a h i g h l y  
l i n e a r i z e d  fo rm ,  h e n c e ,  o b t a i n i n g  t h e  l i n e a r  e i g e n v a l u e  o f  
t h e  b i f u r c a t i o n  p o i n t  l o a d  i s  J u s t i f i e d .
V a r i a t i o n  o f  d ecay  l e n g t h  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n  
i s  c o n s i d e r e d  i n  o b t a i n i n g  t h e  minimum p o t e n t i a l  e n e r g y
83
f o r  t h e  b u c k l i n g  a n a l y s i s  o f  i m p e r f e c t  s h a l l o w  s h e l l s .  
T h i s  s t r a t e g y  i s  r e q u i r e d  b e c a u s e  t h e  s h e l l  b u c k l i n g  h a s  
a  weak dependence  on  s h e l l  c u r v a t u r e .  The b i f u r c a t i o n  
p o i n t  l o a d  f o r  a  s h e l l  h a v in g  a  r e c t a n g u l a r  i m p e r f e c t i o n  
i n  i t s  s i d e  c o n s i d e r a b l y  r e d u c e s  t h e  a x i a l  c o m p r e s s iv e  
l o a d  c a r r y i n g  c a p a c i t y  o f  t h e  s h e l l .
?
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APPENDIX A
Computer Program L i s t i n g
8 8
I n p u t
p a r a m e t e r s
G e n e r a t i o n  o f  b u c k l i n g  m a t r i x
B u c k l in g  c a l c u l a t i o n s  and 
f o r m u l a t i o n  o f  t h e  b u c k l i n g  
m a t r i x
P r e b u c k l i n g  c a l c u l a t i o n s  
v a r y i n g  t h e  number o f  s e r i e s  
t e r m s
C o m p u ta t io n  o f  t h e  sums o f  
t r i g o n o m e t r i c  f u n c t i o n s  b e f o r e  
o b t a i n i n g  t h e  b u c k l i n g  m a t r i x
F o r m u l a t i o n  o f  p r e b u c k l i n g  
m a t r i x  and  c o m p u ta t io n  o f  
c o n s t a n t s
S o l u t i o n  o f  t h e  b u c k l i n g  
e q u a t i o n s  by J a c o b i ' s  m ethod  
o f  o b t a i n i n g  t h e  e i g e n v a l u e s  
f o r  a r e a l  sym m etr ic  m a t r i x .
F i g u r e  A , l  Macro com puter  program f lo w  c h a r t
89
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C MAIN PRBUCKLÏ NG S T R E S S
C
C t h i s  PROGRAM F I R S T  CALCULATES TFE P R F Ü U C K L I N G  C O E F F I C I
C ENTS BY A SUBROUTI NE ‘ GAUSJO* THUS O B T A I N E D  C O E F F I C I E N T
C S ARE THEN S U B S T I T U T E D  I N THE DUCKLING DET E RMI NANT , T HE
C BUCKLI NG DETERMINANT INVOLVES VARI ABLE I N T E G E R S .  THE
C ELEMENTS OF THE PREBUCKLI NG MATRIX D E P E N D S  ON THE RATI
C 1 0  OF THE T H I C K N E S S E S  OF THE SHELL AND THE I MPERFECTI ON
C THE PROGRAM CAN BE EXTENDED TO FORM THE CUTOUT BY
C G I V I N G  THE VALUE OF T2 AS ZERO AND CAN ALSO BE TREATED
C WITH OUT ANY I MP E RF E CT I ON BY S E T T I N G  T 2 = T 1 = T  WHERE T 1
C I S  THE T H I C K N E S S  OF THE S H E L L .  THE V A R I A B L E S  ARE AS
C FOLLOWS,
C 1 . . . A 0 / 8 0 ...............ASPECT RA T I O  OF THE CUTOUT OR
C I MPERFECTI ON
C 2 . . . E L / R ...............LENGTH OF THE CYLINDER TO R A D I U S
C 3 . . .   ............... RATI O OF P R I N C I P A L  R A D I U S  OF THE CYLI NDFR
C TO THE T H I C K N E S S  OF THE CYLI NDER
C 4 . . . B 0 / P  ...............RATI O OF CUTOUT CR I MP E R F E C T I O N  BREADTH
C TO P R I N C I P A L  R A D I U S  OF THE C Y L I N D E R .
C 5 . . . T 2 / T I ..............RAT I O OF T HI CKNE S S  O F  CUTOUT OR I MPEPFEC
C T I C N  TO THCKNESS OF C Y L I N D E R .
C 6 . . . D A / E L ..............LOCATI ON OF THE CUTOUT OR I MPERFECTI ON A
C ALONG THE LENGTH OF THE C Y L I N D E R .
C 7 . . . D C / R  ............... LOCATI ON OF THE CUTOUT OR I MPERFECTI ON A
C LONG THE CIRCUMFERENCE OF THE CYLI NDER
C T H I S  CAN BE SET TC ZERO
C B . . . P Q R   P O I S S O N  RATI O D I F F E R S  FOR MATERIALS
C R . . . S I G A / S I G C L  R A T I O  OF ACTUAL S T R E S S  TO THE C L A S S I C A L
C CAL S T R E S S  FROM WHICH THE LOAD CAR
r RYI NG CAPACI TY OF THE CYL I N D E R  WITH
C AN I MPERFECTI ON OR CUTOUT CAN BE AR
C R I V E D  WITH RES PECT TO A P E RF E CT  CVL
C INDER
C 1 0 . .  . . . . . T H E  MAIN PARAMETER I S  S O R T ( R T 1 / BC♦ *
C ..............2 )  AND THE ASPECT R A T I O .
C
C THE S U B R O U T I N E ' G A U S J O '  I S  USED TO O B T A I N  THE BUCK
C L I N G  D E T E RMI NANT ,  A PLOT I S  MADE OF EACH OF THE D
C ETERMINANT AGAI NS T THE RA T I O  OF 9
C
i m p l i c i t  r e a l  *  8  ( A - H ,  0 - Z  )
D I M E N S I O N  A { 4  , 5 )  ,  C I 3 ,  3 ) ,  T ( 3 ,  3 ) ,  A IK { 3  ) ,  E I GEN ( 3 )
COMMON BLOCKS
C C M M C N / B L C C K l / B l T  A U , S T A U B l , S E P S  l Y , S C S I  Y , SOHMB 1 , S P H I Y ,
1 S S I Y ,  SPHI OY,  S S I O  Y ,  S C S I O Y  . STHBBC , B1  T A U l  ,  ST AU BO ,DCCHM,  SF.SÎC Y 
C0 MM0N/ 8LK 2 / X I , X I I , X I J , X J , X J J , X I I I I  
C 0 M M 0 N / B L K 3 / E P S A Ü , E P S A 1
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1 3
4 0
C 0 M M 0 N / B L K 4 / R B A L P . A L P B E L f A3
C O M M O N / B L K 7 / C 1 1 3 0 » C 2 5 7 C f C 3 2 9 0 . C 1 2 3 1 t C 2 4 8 1 » C 3 6 2 1 « C 1 2 3 S « C 2 4 8 S i C 3 6 2 S  »
2 Cl  I 3 B . C 2 1 5 B , C 3 2 9 B . C 2 6 1 0 . C 3 4  2 0 , C 2 0 9  1 , C 3 9 8 1  , C 2 0 9 5 . C 3 4 B S .
3  C 2 0 6 B . C 3 3 2 B * C 3 5 3 0 « C 3 2 8 1 , C 3 5 8 S , C 3 3 4 B , D E L T A  
C O M M C N / B L O C K S / Q l « G O B B E T , E L B R , A O E B O # 8 0 B R , D A B E L , D C B R , T 2 B T 1 ,
l A L P B E T . C L B R , X O , Y O , X 1 , Y 1 , E P S , E P S B , T E M P , AOB E L ,
2 F 0 P 1 , F 0 M 2 , T O P I , T 0 P 2 , S 0 P R M 2 , Q 0 M 1 , T 0 P R P 2 , S A G , S 0 M 2 , G O P l ,
I Q M I , T P R P 2 , S M 2 , T M 1 , T M 2 , G P 1 , F M 1 . B E T B T l , A L P B T l » G 0 M 1 ,
3T0M1 , T 0 M 2 . B E T B R . F C M l  , F 0 P 2  , GSM2 , G T P 2 , G 0 S M 2 ,
4  G 0 T P 2 , G M 1 , F P l , F M 2 , F P 2 , T P 1 , T P 2 , S P R M 2 , D A B B E T . S P R P 2  
C 0 M M C N / B L K 6 / P I  , B 1 B R , D C T AU, N
CODING
READ 1 0 0 , M M , A O B B O , E L B R , B C B P , O A E E L » D C B R  
P R I N T  1
1 10
1 0 5 , M M , A 0 B B 0 * E L B R , 6 0 B R , D A E E L , D C B R  
=  3 . 1 4 1 5 9 2 6 5 4  
=  0 . 3  
=  0 . 0
= ( 3 . * ( 1 , - P 0 R * P 0 R ) ) * * 0 . 2 5  
= 1 7  
=  1 . 5  
1 8 0 , N , T 2 B T 1  
KK= 7 , 1 2 , 5
( K K - 2 ) / l O .
ZGXBCL 
100 
R B T l , T E M P
PR INT
P R I N T
P I
PGR
P
Q1
N
T 2 8 T  1
PR INT
DO 8 5
ZGXBCL
TEMP
R B T l
PR INT
P R I N T
ALBEL
RBO
AR
AS
AO BEL  
A 3
ALPBEL
RBALP
CLBR
BETAA
ALPHA
0 2
0 3
UN
UM
AOBALP
BOBBET
ALPBET
EPS AO
EPSA 1
SA
SB
S 2 A
2 1 0 ,
200
= 2 . 4 4 / ( E L B R * 0 S 0 R T ( R B T D )
= B 0 B R * D S Q R T ( R B T 1 )
= ( 2 . 4 4 / A 0 B B 0 Î / R B 0  
=  2 . 4 4 / R B O
= ( AOBBO)  ♦ { B O B R ) / (  EL BR )
=  AOBEL + ALBEL  
= A 3 / P I
=  (1  . / <  ( E L B R ) * ( A L P B E L )  ) )
= 2 . 4 4 / D S Q R T ( R B T l  )
=  8 0 B R * 8 0 B R * R B T 1  
=  ( A Q 8 B 0 ) * * 2 * 8 E T A A  
= 1 , + A R  
= 1 , + A S
= ( P I / Q 3 ) * * 2 / B E T A A  
= < P I / O  2 ) ♦ ♦ 2 / ALPHA 
= P I / Q 2  
= P I / Q 3
= AOBBO * < 0 2 / 0 3  )
= . 8 5 * A 0 B E L * 8 0 B R / P I
= E P S A 0 * O 2 * O 3
= ( D S I N ( A O B A L P ) ) / ( AOBALP)
= ( D S I N C B 0 B B E T ) ) / ( BOBBET)
= < D S I N C 2 . * A 0 B A L P )  ) / ( 2 . * A 0 B A L P )
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1 2
S 2 B = < O S I N ( 2 . « B O B B E T ) ) / ( 2 . * B O B B E T )
CA = { O C G S ( A O B A L P ) )
TA = ( 1 . + S A ) / 2 .
TB =  C 1 .  + S B  ) / 2  •
T2A = ( l . - S 2 A ) / 8 .
T 2 B = ( 1 . - S 2 B ) / 8 .
D2A =  ( 1 . + S 2 A ) / 8  •
D 2 B = ( 1 . + S 2 B ) / 8 .
CPA = ( 1 . + C A  ) / 2 .
E P S = ( T 2 B T 1 - 1 , 1
E P S 8 = < ( T 2 B T I ) * * 3 - I . )
G1 = 1 . + E P S A O * E P S
G2 = ( E P S A 1 / 4 . ) + ( E P S A 0 * E P S * T A * T B )
G3 = { E P S A l / 2 . ) + ( E P S A 0 * E P S * 7 B )
ANXACl =  TEMP *  ( D S Q R T K l .  -  POR*POR ) / 3 .  ) ) / ( R B T l  )
AN 1 =  ANXACl
G4 = G 1 + A N 1
G5 = ( 9 . / 6 4 .  ) * E P S A 1 + E P S A 0 * E P S * ( T A - T 2 A ) * ( T B - T 2 B ) + ( U N *
* 2 / 7 6 8 . ) * ( 3 . * E P S A l + 6 4 . * E P S A 0 * E P S a * 0 2 a * <  T A - T 2 A
) ) + ( U M * U N / 3 8 4 . ) * < E P S A 1 + 1 9 2 . * P O R * ( T B - 2 . * T 2 B ) * (
T A - 2 . * T 2 A )  )
AN2 = A N 1 * E P S A 1 * . 5
AN3 = ( 3 . / 3 2 .  ) * A N 2 * C R B A L P ) * * 2
G6
1
2
A 1 B8 ET  
AOBBET 
A IBR 
G7
1
2
3
= ( 3 . / 1 6 .  ) * P O R * E P S A 1 + P O R * E P S A O * E P S * T A * ( T B - T 2 B ) -  
( ( 1 . - P O P ) / 3 8 4 . ) * U N * ( E P S A 1 + 1 6 . * E P S A O * E P S B * T 2 B *  
( T A - C P A ) ) / ( R B T l  )
: ( P I * ( A O B B O ) * 0 2 / 0 3 )
= ( AOBBO)  * ( B O B B E T  )
= ( AOBBO ) * < B O B R )  * 0 2
: ( 3 . / 8 . )  * E P S A l + (  ( l . - P 0 R ) / 1 2 .  ) * E P S  A 1 *  ( A 1 B BE T ) * *  
2 + E P S A O * E P S * ( T B - T 2 B ) + . 6 7 * E P S A 0 * E P S * { l . - P O R ) * T 2  
B * ( A O B B E T ) * * 2  + ( ( l . - P 0 R ) / 3 8 4 . ) * U N * (  . 1 7 * E P S A 1 * 
P I / ( U M * ( R 8 T 1 ) ) + . 1 7 * E P S A 0 * E P S B * ( A 1 B R ) * * 2 ) / < R 8 T I )
AN4 = . 7 5 * A N 2
RHOl =  0 . 0
RHQ2 = E P S A 1 * R H 0 1 /
DO 1 2  I =  1 . 4
DO 1 2  J = 1 . 5
A ( I . J ) =  0 . 0
A ( l . l ) =G1
A l l . 2 ) = - P O R * A C 1 , 1 )
A ( 1 . 3 ) =G2
A ( 1 . 4 ) = - P 0 R * G 3
A ( 2 . 1 ) = A ( 1 , 2 )
A ( 2  . 2 ) = G1 + AN1
A ( 2 . 3 ) = - P O R * A C 1 . 3 )
A ( 2 . 4 ) = G 3 + A N 2
A(  2 . 5 ) = - A N l
A ( 3 ,  1 ) = A < 1 , 3 )
A( 3 , 2 = A < 2 , 3 )
A C 3 . 3 ) = G S + A N 3
A ( 3  . 4 ) = —G6
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3 0
C
C
5
6
A I 4 . 1  )
A < 4 , 2 )
A ( 4 , 3 )
A ( 4 , 4 )
A ( 4 , S )
CALL GAUSJO ( 
DO 3 0  I = 1 . 4
= A ( 1 , 4 )
=AC 2 , 4 »
= A ( 3 . 4 >
= G7 + AN4 
= —AN2
A , 4 , 1 , 0 E T E P
XO =
xo =
YO =
XI =
VI =
CALL BUCK 
E I GENVALUES  
DO 2 I 
DO 2 J 
T ( I , J )
C l  I , J Ï  
NN
ITMAX 
E P S l  
E P S 2  
E P S 3
A(  1 ,5  )
A ( 1 , 5  I 
A ( 2 , 5  >
A { 3 , 5  ) 
A ( 4  , 5  > 
( C , R B T 1 ) 
BY THE J A C OB I  METHOD.
= 1 , 3  
= 1 , 3
=  0 . 0  
=  0 , 0  
= 3 
= 5 0
= l . O O E - 1 0  
= l . O O E - 1 0  
= 1 . O O E - 5
C(  1 * 1  ) = . 5 * ( C 1 1 3 0 + E P S A 1 * C 1 2 3 1 + C 1 2 3 S * E P S * E P S A 0 + C 1 1 3 B * E P S B
♦ E P S AO )
C(  1 , 2  ) = ( - C 2 5 7 0 + E P S A l * C 2 4 8 1 + C 2 4 8 S ^ E P S 4 E P S A 0 + C 2 1 S B ^ E P S B  
♦ E P S AO ) 4 , 2 5
C (  1 * 3  ) - ( - C 3 2 9 0 + C 3 6 2 1 4 E P S A 1 + C 3 6 2 S ^ E P S ^ E P S A 0 + C 3 2 Q B ^ E P S B  
♦ EPSAO ) ^ . 2 5
C(  2 , 2  ) = . 5  + C C 2 6 1 0 + C 2 0 9 1 ^ E P S A l + C 2 0 9 S ^ E P S ^ E P S A O + C 2 0 6 B ^ E P S B
♦ EPS AO )
C(  2 , 3  ) = ( C 3 4 2 0 + C 3 9 8 1 4 E P S A l + C 3 4 e S ^ E P S # E P S A 0 + C 3 3 2 B ^ E P S R  
♦EPSAO ) ^ . 2 5
C(  3 , 3  » = . 5 ^ C C 3 5 3 0 + C 3 2 8 1 + E P S A 1 + C 3 5 8 S ^ E P S ^ E P S A 0 + C 3 3 4 B + E P S B  
♦ EP S AO )
NM 1
S ET UP 
S I GMAl  
OFFOSQ  
DO 5  1 
S I GMAl  
T(  I ,  I » 
I P l
I F  ( 1 , GE
DO 5  J
OFFOSQ
S
= N N - 1
I N I T I A L  MATRIX T ,  COMPUTE SIGMA AND S 
= 0.0 
= 0.0 
= 1 , NN  
= SI GMAl  
=  1 . 0  
= 1 + 1 
NN ) GO
+ C < I , I ) * * 2
TO 6  
= I P l ,  NN
= OFFOSQ ♦  C ( I , J ) 4 ^ 2  
= Z , 0 * O F F D S Q  *  S I GMAl
B E GI N  JACOBI  I T E RAT I ON  
0 0  2 6  I TER =  1 , ITMAX 
DO 2 0  I = l . N M l  
I P l  = 1 + 1
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9  
1 0
C
c
11
1 4  
1 5
1 6
C
C
I 8
1 9
20
C
2 1
DO 2 0  J =  I P l . N N
Q =  D A B S ( C ( l t I  ) - C ( J . J > )
COMPUTE S I N E  AND COS I NE  OF ROTATION
I F I Q . L E . E P S l ) GO TO 9
I F < D A B S ( C (  I . J )  ) . L E . E P S 2 )  GO TO 2 0
ANGLE
2 . 0 * C ( I , J ) * Q / ( C ( I , I ) - C ( J . J ) J  
D S Q R T ( P * P + a * Q >
OSQRTC( I , 0 + Q / S P Q ) / 2 .  )
P / ( 2 . 0 * C S A * S P Q )
1 . 0 / D S Q R T ( 2 . 0 D 0 )  
CSA
P :
SPG
CSA :
SNA :
GO TO 10  
CSA :
SNA 
CONT INUE
UPDATE COLUMNS I AND J OF T E QU I V A L E N T S  TO 
M U L T I P L I C A T I O N  BY THE ANN H I L L A T I O N  MATRIX  
DO 1 I K =  I . NN
HOLDKI =  T ( K , I )
f  T ( K , J ) * S N A  
-  T ( K , J ) * C S A
OF A I N  ROWS I AND J
T ( K ,  1 ) 
T ( K , J )
COMPUTE 
DO 1 6  K
= HOLDKI *CSA  
= HOLDKI ♦SNA  
NEW ELEMENTS  
= I ,  NN 
I F  ( K . G T . J )  GO TO 1 5  
A I K I K )  = C < I , K )
C ( I , K )  = C 5 A # A I K < K )
I F  ( K . N E . J  ) GO TO 1 4  
C( J»  K ) = S N A * A I K ( K )
GO TO 16
HOLD IK = C I I . K )
C( I# K ) =  C S A * H O L D I K
C ( J . K )  =  S N A * H O L D I K
CONTI NUE
COMPUTE NEW ELEMENTS
A I K ( J )  =  S N A * A I K ( I )
WHEN K I S  LARGER THAN 
DO 1 9  K =  1 . J  
I F  ( K . L E . I ) GO TO 18
♦ S N A + C ( K , J )
-  C S A + C ( J * K )
+ S N A + C ( J » K )
-  C S A * C ( J , K )
OF A I N COLUMNS
-  C S A * A I K ( J )
I
I AND J
C ( K . J )
GO TO 1 9  
HOLDKI  
C ( K . I > 
C ( K t J )  
CONTI NUE  
C ( I . J )
=  S N A * A I K ( K )  -  C S A * C ( K . J )
C< K , I  I
CSA$ HOLDKI
SNA* HOLDKI
S N A * C ( K , J )  
C S A * C ( K t J )
= 0 0
F I N D  SIGMA2 FOR TRANSFORMED C AND FOR CONVERGENCE 
S I GMA2  =  0 . 0  
DO 2 1  I =  I . N N  
E I G E N I  I ) =  C{  I ,  I )
S I GMA2  = S I GMA2  + E I G E N I I ) * % 2  
I F I l . G  -  S I G M A 1 / S I G M A 2 . G E . E P S 3 )
P R I N T  2 0 4 ,  I T E R , S I G M A 2 « S , N N  
P R I N T  2 0 1 , ( E I G E N I  I ) , I =  1 ,  NN >
GO TO 8 4
GO TO 2 5
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2 5  P R I N T  2 0 2 ,  I T E R , S I G M A l , S I G M A 2
2 6  S I G M A l  = S I G M A 2
C I F  I TER EXCEEDS ITMAX ,  NO CONVERGENCE
P R I N T  2 0 3 , I T E R , S , S I G M A l , S I G M A 2
8 4  R B T l  = R B T l  + 5 0
I F  ( R B T l  -  1 0 0  » 4 0 , 4 0 , 8 5
8 5  CONTI NUE
I F  (MM) 9 0 , 9 0 , 1 3  
9 0  STOP
C FORMAT STATEMENTS
1 FORMAT ( M *  >
1 0 0  FORMAT ( I 5 , 5 X , 5 F 1 0 . 4  )
1 0 5  FORMAT ( / ,  1 5  , 5 X ,  5 F 1 0  . 4  )
1 1 0  FORMAT!  3 X , ' M M '  , 1 0 X , '  A O / B C  , 5 X ,  • L / R  • , 7 X ,  ' B O / R *
1 , 5 X , ' D A / E L ' , 5 X , ' D C / R * , / )
1 mo FORMAT ( / , 1 0 X , *  N =  • ,  I 2 ,  5  X , ' T 2 / T  1 =  • , F 1 0 . 2 , /  )
2 0 0  F 0 R M A T ( 5 X , «  E I G E N  VALUES BY J A C C B I  M E T H O D ' , / )
2 0 1  FORMAT ( 5 X . 6 E 1 8 . 8 )
2 0 2  F O R M A T ! / , 6 X , '  I TER =  ' , I 3 , 6 X , ' S I G M A l  =  • , E 1 7 . 8 , 6 X ,  • S I G M A 2 = • , E 1 7 . 8 )
2 0 3  F 0 R M A T ! / , 4 X , ' N O  CONVERGENCE ,  ViITH ' , / 7 X , ' I T E R  =  ' , I 3 , 5 X ,
1 ' S  =  • , E 1 7 . 8 , 5 X , ' S I G MA l  = ' , E 1 7 , 8  ,  5 X , • S I G MA2  =
2 ' , 8 1 7 . 8 , / / )
2 0 4  FORM A T ! / , 4 X , ' C O N V E R G E N C E  HAS OCCURED ,  WITH • , /
1 Ô X . ' I T E R  =  ' ,  I 3 , 5 X , ' S I G M A 2  =  • , E I  7 , 8 , 5 X , ' S = ' ,
2  E 1 7 . 8 , 5 X , ' N N  = ' , 1 3 , / , 4 X , ' E I G E N V A L U E S  E I G E N ( l ) .
3  . . E I G E N ( N N )  ARE ' , / )
2 1 0  FORMAT ( / , 5 X , ' R B T 1  = ' , F 6 . 0 , 5 X , '  TEMP = ' , F 6 . 2 , / )
END
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C
C
C.
c.
c,
c.
c.
c.
c,
c,
c.
c<
c,
c.
S U B R OU T I N E  BUCKLING  
SUBROUTI NE BUCK ( C , A E T 1 )
S T A B I L I T Y  OF C Y L I N D R I C A L  
T OR I MP E R F E C T I O N .
A S P E CT  RATI O
TO R ADI US
TO T HI CKNE S S  OF CYLI NDER  
LENGTH TO LENGTH OF CYLI NDER  
BREADTH TO R ADI US  OF CYLI NDER  
OF T H I C K N E S S E S
. . LENGTH  
e « R A D I U S  
.  . CUTOUT  
.  «CUTOUT  
. « R A T I O
SHELL V»ITH RECTANGULAR CUT CU
AO/ BO  
E L / R  
P / T  1 
A O / E L  
BO/ R  
T 2 / T  1
, « T 2  I S  THE T H I C K N E S S  OF I MPERFECTI ON  
, «T1 I S  THE T H I C K N E S S  OF CYLI NDER  
. . WHEN THERE I S A  CUTOUT T H I C K N E S S  OF 
. . I M P E R F E C T I O N  I S  TO BE GI VEN A S  ZERO 
. . P O S I T I O N  OF OMPERFECTION IN X - A X I S  D A / E L
. « P O S I T I O N  OF OMPERFECTION IN Y - A X I S  D C / R
I M P L I C I T  REAL *  8  ( A - F .  0 - Z  )
D I M E N S I O N  C C 3  ,  3  )
COMMON BLOCKS
COMMCN/ BLOCKl / 6 1 T A U . S T A U B l . S E P S l Y , S C S I Y . S O H M B l . S P H I Y ,
1 S S I Y . S P H I O Y . S S I O Y . S C  S I O Y . S T H B B O , 8 1 TAUl  , S T AUB O . D C C H M , S E S I O Y  
C 0 M M 0 N / B L K 2 / X I  . X I I  « X I J . X J , X J J . X 11 11 
C O M M C N / B L K 3 / E P S A O . E P S A l  
C 0 M M C N / B L K 4 / R B A L P . A L P B E L , A3
C 0 M M 0 N / B L K 7 / C 1 1 3 0 . C 2 5 7 0 . C 3 2 9 0 , C 1 2 3 1 , C 2 4 8 1  . C 3 6 2 1 , C 1 2 3 S . C 2 4 8 S , C 3 6 2 S .
2 C 1 1 3 B , C 2 1 5 B . C 3 2 9 B . C 2 6 1 0 , C 3 4  2 0 , C 2 0 9 1 . C 3 9 8 1 , C 2 0 9 S , C 3 4  8 S .
3 C 2 0  6 B , C 3 3 2 B . C 3 5 3 0 , C 3 2 8 1 , C 3 5 8 S , C 3 3 4 B . D E L T A  
C O M M C N / B L O C K S / O l . BOBEET, E LBR, AOBBO. B O B R . OA B E L . DCBR, T 2 B T 1 ,
I A L P B E T . C L B R . X O . Y O . X l , Y 1 , E P S , E P S B . T E M P , A O B E L ,
2 F C P 1 . F O M 2 . T O P 1 ♦ T 0 P 2 . S0 P RM2 . COM 1 , T 0 P R P 2 . S A 0 , S 0 M 2 , GOP1 •
1 Q M l , T P R P 2 . S M 2 . T M 1 . T M 2 , G P 1 , F M 1 , B E T B T l . A L P B T l , G 0 M 1 ,
3 T 0 M 1 . T 0 M 2 . b e T B R . F O M l . F 0 P 2 . G S M 2 , G T P 2 , G 0 S M 2  »
4  G 0 T P 2 . G M 1 . F P l , F M 2 , F P 2 . T P 1 . T P 2 , S P R M 2 . O A B B E T , S P R P 2 
C 0 M M 0 N / B L K 6 / P I  , B 1 BR . OCTAU ,  N
S A l
POR
M
P I
P H I  X 
P S I X  
S P H I X  
S P S I  X
AS
S P I A l
A7
CDPI DA  
CPHI DA  
C P S I O A  
CDALP  
S P H I D A
=  0.0 
=  0 , 3  
= 2
= 3 . 1 4 1 5 9 2 6 5 4  
= P I * ( M * A 3 + 1 .  )
= P I * ( M * A 2 - 1 .  )
= D S I N ( P H I X ) / P H I X  
= D S I N ( P S I X ) / P S I X  
I F ( M * A 3 . E Q . l .  ) S P S I X  =  1 
DABALP = ( D A B F L ) / ( A L P B E L ) 
= ( M * P 1 * A 3 )
= D S I N ( A 5 ) / A 5  
= { M * P I * D A B E L )  
= D C O S ( A 7 )
= D C O S ( A 7 + D A B A L P )  
= D C O S ( A 7 - D A B A L P )
= DCOS { DABALP )
= D S I N ( A 7 + D A B A L P )
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S P S I D A = D S I  N(  A 7 - D A B À L P )
GP 1 = 1 .  + C D P I 0 A * S P 1 A 1
GMl = 1 •  -  C D P I D A + S P I A l
BI BR = ( B O B R ) + ( C L B R )
CALL SUMS
E L B T l =  ELBR ♦ RBTl
DABBET = D A B E L * E L B R * B 0 B 8 E T / 8 0 B R
A L P B T l =  ALPBEL *  E L B T l
B E T B T l = BOBR ♦ R B T l / B O B B E T
BET8R =  BOBR /  BOBBET
DCBBET =  D C B R / B E T B R
DCTAUl = DCBBET
P H I D C =  DCTAU + DCTAUl
S IDC = DCTAU -  DCTAUl
E P S I O C = DCOHM + DCTAU 1
C P S I  DC = DCOHM -  DCTAU 1
CDPHCC = D C O S C P H I D C )
CCSI CC = D C O S ( C P S I D C 1
C E S I  OC = D C O S C E P S I D C )
SDCSDC =  DS I NC C P S I D C )
S D S I O C = D S I N < S I O C )
SDPHDC = D S I N ( P H I D C )
SDPSOC = 0 3  I N I  E P S I D C  )
COTl  OC = D C O S ( D C T A U l  )
CDTACC = D C O S ( O C T A U )
CDOHDC =OCOS< DCOHM)
S DT I DC = D S I N ( D C T A U 1  )
C DS I DC = D C O S ( S I D C )
TPI = ( C D T A D C * S T A U B 1 + C D 0 H D C + S 0 H M B 1 )
TMl = ( C D T A D C * S T A U B 1 - C D O H D C ^ S O H M B l )
S T P 2 = ( C D S I D C ♦ S S I Y +CDPHDC + SPHI Y )
S T P 3 = ( C C S I D C + S C S l Y + C E S I D C + S E P S I Y )
STM2 = ( C D P H D C $ S P H I Y - C D S I D C ^ S S I Y  )
STM3 = ( C C S I O C ^ S C S I Y - C E S I D C ^ S E P S I Y )
C P I D A = D C O S { A 7 ) / A 7
SDALP = D S I N ( D A B A L P )
CDPI  Al = O C O S ( A 3 )
S S P 2 =  C S D P H D C ^ S P H I Y 4 - S D S I D C ^ S S I Y  )
S S P 3 = ( S D C S D C ♦ S C S I Y ♦  S D P S D C ^ S E P S I Y )
SSM2 = ( S D P HOC + S P HI Y - S D S I D C ^ S S I Y  )
SSM3 =  ( S D C S D C ^ S C S I  Y - S D P  SDC + S E P S I  Y)
F P l = ( C P H I D A ♦ S P H I X ♦ C P S I D A ^ S P S I X  ) ^ CDALP
FMI = ( C P H I O A + S P H I X - C P S I D A ^ S P S I X  ) + C DA L P
F P 2 = ( S P H I D A ^ S P H I X + S P S I D A ^ S P S I  X ) ^ S D A L P
FM2 = < S P H I D A ^ S P H I X - S P S I D A ^ S P S I X  ) ♦ S D A L P
T P2 = C D T 1 D C ^ ( S T P 2 + S T P 3  )
TM2 = C D T 1 D C ^ ( S T P 2 - S T P 3  )
TPRP2 = C D T I D C + ( S T M 2 +STM3 )
TPRM2 = CDT IDC^ ( STM2 - S T M 3  )
S P 2 = S D T 1 D C ^  < S S P 2 + S S P 3  )
SM2 = S D T 1 D C + ( S S P 2 - S S P 3  )
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SPRP 2
SPRM2
QPl
QMl
G S P 2
GSM2
GTP2
GTM2
AOBALP
SAC
S I  OX
PHI OX
S PI AO
SPHI OX
S S l O X
S T 0 P 2
S T 0 P 3
S T 0 M2
S T0 M3
S S 0 P 2
S S 0 M 2
S S 0 P 3
S S 0 M 3
T 0 P 2
T0M2
T 0 P R P 2
T0PRM2
S 0 P 2
S0M2
S 0 P R P 2
S 0 PRM2
CDPI AO
S P I A O
QOPl
QOMl
G 0 S P 2
G0SM2
GO TP 2
G0TM2
GOP l
GOMl
TOPI
TOMl
F O P l
FOMl
F 0 P 2
F0M2
A 9
C
c
C 1 1 3 0
1
= S D T 1 D C * ( S S M 2  + S S M 3  )
= S D T 1 D C * ( S S M 2  - S S M 3  )
C P I D A  * < S P I A 1  + C D P I A 1  >
C P I D A  ♦ ( S P I A l  - C O P I A I )
: CDT1 DC%( S S M2  + S S M3  )
- C O T I D C ^ I S S M 2  - S S M 3  )
= S D T 1 D C $ ( S T P 2  + S T P 3  )
: S D T 1 D C $ ( S T P 2  - S T P 3  )
= ( AOBEL)  / ( A 3 / P I  )
: DS I NC AO B A L P ) / <  A O B A L P )
:(  M * P I * (  AOBEL ) - (  AOBALP ) )
( M * P I ^ ( A O B E L ) + <  AOBALP ) )
: D S I N ( M $ P I # (  AOBEL ) ) / ( M * P I $ <  A O B E L ) )
= D S I N ( P H I O X ) / P H I O X  
: D S I N ( S I O X ) / S I O X
: ( C D S I O C + S S I O Y  + C D P H D C * S P H I O Y )  
: ( C P S I D C  ♦ S C S I O Y + C E S I D C ^ S E S I O Y )  
: ( C D S I D C $ S S I O Y  - CDP HDC + S P H I O Y )
: ( C P S I D C  ♦ S C S I O Y - C E S I D C ^ S E S I O Y  ) 
: ( S D P H D C * S P H I 0 Y + S D S I D C * 5 S I 0 Y  ) 
: ( S D P H D C ^ S P H I 0 Y - S D S I D C * S S I 0 Y  )
: (  S D C S D C + S C S I O Y + S D P S D C + S E S I O Y  ) 
: ( S D C S D C $ S C S I O Y - S D P S D C * S E S I O Y )  
=CDT1DC * ( S T 0 P 2 + S T 0 P 3 )
CDTI DC * ( S T 0 P 2 - S T 0 P 3 )
: CDT1DC ♦ I S T 0 M 2 + S T 0 M 3 )
=CDT1DC ♦ ( S T 0 M 2 - S T 0 M 3 )
S D T I O C  * ( S S 0 P 2 + S S 0 P 3 )
=SDT1DC ♦ ( S S 0 P 2 - S S 0 P 3 )
: 5 DT 1 DC ♦ ( S S 0 M 2 + S S 0 M 3 )
=SDT1DC ♦ ( S S O M 2 - S S O M 3 )
: DCOS( M ♦ P I + A O B E L )
: D S I N ( M  ♦ P I + A 0 B E L ) / ( M ^ P I ^ A O 8 E L )
= CP I DA ♦ ( S P I A O + C D P I A O )
: CP I DA ♦ ( S P I A O - C D P I A O  )
: C D T 1 0 C  ♦ ( S S 0 M 2 + S S 0 M 3 )  
z CDTl DC * ( S S 0 M 2 - S S 0 M 3 )
: S O T l D C  ♦ ( S T 0 P 2 + S T 0 P 3 )
=SDT1DC ♦ ( S T 0 P 2 - S T 0 P 3 )
= 1 .  + C DP I DA ♦  S P I AO  
: 1 .  -  CDPI DA * S P I A O  
= ( C D T A 0 C # S T A U 8 0 + C D 0 H D C * S T h 8 B 0 )
: CCDTAOC^STAUBO- COGHDC* STHBBO)  
= ( C P H l D A # S P H I O X + C P S I D A * S S I O X  ) ♦CDALP  
= ( C P H I D A + S P H I O X - C P S I O A + S S I O X  ) ♦CDALP  
: ( S P H I D A ♦ S P H I 0 X + S P S I D A ♦ S S I  OX ) + S O A L P  
= ( S P H I D A ^ S P H I O X - S P S I D A # S S I O X  ) ♦ S D A L P  
: M A P I / 2 .
: ( A 9 ^ A 9 / < E L B T l ♦ E LBTl  ) ) + ( l . + 3 . ♦YO+PCR+XC ) + ( X I I  
/ ( R B T l  ♦ R B T l  ) ) ♦ (  « 5  + ( l * - ’P O R ) * (  1 0  2 1 / (  R ET ! ♦  RBTl
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2  ) ) ) + X O + Y O )
C 2 5 7 C  = ( A 9 * X I / ( E L B T 1 * R 8 T 1 ) ) * ( ( ! . + P O R ) * ( 1 . + Y O ) - ( ( ! . -
1 P 0 P ) / ( 1 6 . * R B T 1 * R 8 T 1 ) ) )
C3  2 9  0 = < A 9 / ( E L B T l ♦ R B T l } ) # ( 2 . # P 0 R $ ( l . + Y O ) - ( X I l + ( l . - F O P )
1 / ( 1 2 . + R B T 1 + R B T I ) ) )
C l  2 3  1 1 = ( A q $ A 9 / ( E L 8 T l $ E L 8 T l ) ) ♦ ( 1 . 5 # Y 1 * G M 1 + ( 0 . 2 5 # P O R * X 1 >
1 ♦ ( S A l + G M l - 0 . 5 * ( F P 1 + F M 2 ) ) J + ( T P l + 0 * 5 + ( T P 2 + S P R M ? n
C 1 2 3 1 2  = - ( A 9 / ( E L B T l $ R B T l ) ) ^ Y l # . 5 4 D A B B E T # X I $ Q M l $ ( T P P F 2 + S M 2 ) 
Cl  2 3  13 = ( 2 . $ X I J / ( R B T 1 % R B T 1 ) ) ^ ( T M l  + 0 . 5 $ ( T M 2 + S P R P 2 )  » + ( C . 2 5
1 ♦ X l $ ( S A l + G P l + 0 . 5 + ( F P l + F y 2 ) ) + 0 . 5 ♦ Y 1 ^ G P 1)
C 1 2 3 1  =  C 1 2 3 1 1  + C 1 2 3 1 2  + C 1 2 3 1 3
C 2 4 8 1 1  ■=( A 9 ^ A 9 /  ( E L B T l  ♦ E L B T l  ) } ♦ . 2 5 4 Y  1 ♦OABBET4QM 1 ♦ (  l . - P O R )
1 ♦ ( T P R P 2 + S M 2 )
C 2 4 8  2 2 = - (  A 9 / ( E L B T l  ♦ R B T l  ) ) ^ . 5 # (  1 • - P O R  I ♦ X J + ( TMl-»-0 .  5 ^ ( T M 2
1 + S P R P 2 ) ) ^ G P 1
C 2 4 8  2 3 = - (  A g / (  E L B T l  ♦ R B T l  ) ) ♦ P O P  + XI ♦ Y I ♦  GMl ♦ ( TP I -»-. 5 + (  T P 2  ♦
I S P R M 2 ) )
C 2  4 8 2 4  = ( Y I ^ . 5 + 0 A B B E T 4 X I J + Q M l / ( R B T l ♦ R B T l ) ) ♦ ( T P P P 2 + S M 2 >
C 2 4 8 I  = 0 2 4 8 1  1 + C 2 4 8 2 2  + C 2 4 8 2 3  *■ C 2 4 8 2 4
C 3 6 2 1 1  = - X l # . 2 5 # R B A L P % ( A 9 % A 9 / ( E L B T l ♦ E L B T l ) ) 4 ( F M 1 + F P 2 ) 4
1 ( T P 1 + . 5 ^ ( T P 2 + S P R M 2 ) )
0 3 6 2 1 2  = ~ ( X 1 ♦ P 0 R + . 5 / 8 E T B T 1 ) ♦ ( S A 1 + G M 1 - , 5 ^ ( F P 1 + F M 2 ) ) 4 X I +
1 . 5 ^ ( T P R P 2 + S M 2 )
0  3 6 2  13  = - ( 2 . ^ P 0 R ^ Y l / R B T l ) ^ ( T P  1 + .  5 4  ( TP2-I-SPR M2 ) 1 ♦GM I
0  3 6 2 1 4  = ( X 1 ♦ . 2 5 4 ( 1 . - P O R ) / B E T B T l > ♦ ( S A I + G P 1 + . 5 4 ( F P 1 + F M 2 ) )
1 ♦ X I ^ ( T P R P 2 + S M 2 )
C 3 6 2 1 5  = ( ( 1 . - P O R ) ^ .  1 2 5 4  X I / ( A L P B T l  ♦ R B T l )  ) ♦X I ( F M- » F  F2  ) ♦
1 ( T M 1 + . 5 ^ ( T M 2 + S P R P 2 ) )
C 3 6 2 1 6  = (  Y 1 4 X I 4 D A B B E T 4 Q M 1 4 ( T P f i P 2 » - S M 2 ) / (  P B T l ^ R B T  I ) )
0 3 6 2 1  = C 3 6 2 1 1 + . 5 ^ A 9 ^ ( C 3 6 2 1 2 + C 2 6 2 1 3 + C 3 6 2 1 4 ) + C 3 6 2 1 5 + C 3 6 2 1 6
0 1 2 3  SI  = ( 1 .  +  3 .  + Y 0 + P C R ^ X 0 ) 4 G 0 M 1 4 T 0 P l
C 1 2 3 S 2  = ( 1 . 5 + Y l ♦ G 0 M 1 + . 2 5 4 P 0 R ^ X l ^ ( S A O + G O M 1 - . 5 4 ( F O P I + F O M 2
1 ) ) ) ♦ ( T 0 P 1 + . 5 4 ( T 0 P 2 + S 0 P R M 2 ) )
0 1 2 3 5 3  = - ( A 9 / ( E L B T 1 4 R B T 1 ) ) 4 . 5 4 Y 1 ♦ O A B B E T ^ X I ♦ Q O M l ♦ ( T 0 P R P 2
I + S 0 M 2 )
0 1 2 3 5 4  = ( ( . 5 4 ( 1 . - P O R ) + X O + Y O ) 4 G O P 1 4 T O M 1 + ( T O M I + . 5 4 ( T O M 2 +
1 S 0 P R P 2 ) ) ♦ ( . 2 5 4 X 1 4 ( S A O + G O P 1 + . 5 4 ( F O P 1 + F O M 2 ) ) + . 5 4
2  Y 1 4 G 0 P 1  ) ) ♦ (  2 . 4 X I J / ( F B T 1 4 R 8 T 1 )  )
0 1  2 3 5  = (  A 9 4 A 9 / (  E L B T l  ♦ E L B T  I ) ) ♦ ( 0 1  2 3  S I + 0  I 2 3 5 2  ) -»C 12  3 5  3 + 0 1 2 3 5 4  
0  2  4 8 5 1  = ( A 9 4 A 9 / ( E L B T 1 4 E L B T l ) ) 4 . 2 5 4 Y 1 4 D A B B E T 4 Q 0 M ! ♦ ( T 0 P R P 2 +
I SO M 2 ) 4 ( 1 .  -  POR )
0 2 4 8 5 2  = - . 5 4 X J 4 (  1 . - P O R ) ♦ ( 2 . ♦ ( I .  + Y O ) ♦ G O P I ♦ T O M I + Y 1 4 G 0 P 1 4  
I ( T 0 M 1 + . 5 4 ( T 0 M 2 + S 0 P R P 2 ) ) )
C 2 4 8 S 3  = - X I 4 P 0 R 4 ( 2 . 4 ( l . + Y O) 4 G 0 M 1 4 T 0 P I + G 0 M I ♦ Y 1 ♦ ( T O P I + . 5 4
I { T O P 2 + S O P R M 2 ) ) )
C 2 4 8 5 4  = ( Y 1 4 , 5 4 D A 6 B E T / ( R B T l ^ R B T l ) ) ♦ X I J 4 Q 0 M 1 4 ( T C P R P 2 + S 0 M 2 )  
0 2 4 8 5  = 0 2 4 8 S 1 + ( A 9 / ( E L B T 1 4 R B T 1 ) » ♦ ( 0 2 4 8 S 2 + 0 2 4 8 S 3 ) + C 2 4 8 S 4
0  3 6 2 5 1  = - ( A 9 4 A 9 / ( E L B T 1 4 E L B T l ) > + X 1 ♦ . 2 5 4 R B A L P 4 ( F O M l + F 0 P 2 ) ♦
1 ( T O P 1 + . 5 4 ( T O P 2 + S O P R M 2 ) )
0 3 6 2 5 2  = - ( X I 4 P O R 4 . 5 / B E T B T I ) ♦ ( S AO+GOMl - . 5  ♦ { F O P l + F 0 M 2 ) ) ♦
1 X I 4 ( T 0 P R P 2 + S 0 M 2 ) 4 . 5
0 3 6 2 5 3  = - ( 2 . 4 P 0 R / R 8 T 1 ) ♦ ( 2 . 4 ( 1 . + Y 0 ) 4 T 0 P 1 + Y 1 4 < T 0 P 1 + . 5 4
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1
1
C 3 6 2 S 4  =
I
C 3 6 2 S 5  =
I
C 3 6 2 S 6  
C 3 6 2 S
C 1 1 3 8  
C 2 1 5 B  
C 3 2 9 B  
C 2 6 I  01
I
C 2 6 1 0 2  =
1
€ 2 6 1  0  
C 3 4 2 0 1
L
C 3 4 2 0 2  
C 3 4 2 C  
C 2 0 9 1 1
I
C 2 0 9 1 2  =
I
C 2 0 9  1 3  =
I
C 2 0 9 1  
C 3 9 8 1 1  
€ 3 9 8 1 2  
€ 3 9 8 1 3
€ 3  9 8  1 4  =
I
€ 3 9 8 1
L
C 2 0 9 S 1  
€ 2  0 9  S2
I
€ 2 0 9 5 3  -
L
C 2 0 9 S 4  =
C 2 0 9 S 5  =
I
C 2 0 9 S  
C 3 4 8 S 1  
€ 3 4 8 5 2
1
I
1
1
2
(
1
€ 3 4 8 5 3  =
€ 3 4 8 5 4  =
( T 0 P 2 + S 0 P R M 2 ) ) )*GOMl
( X l * . 2 5 * ( 1 . - P O R ) / B E T B T 1 ) ♦ (  S A 0 + G 0 P l  + . 5 * ( F O P l + F 0 M 2  
) ) * X I * ( T 0 P R P 2 + S 0 M 2 )
( . 1 2 5 * ( l . - P O R ) / ( A L P B T 1 4 R B T 1  I ) ♦ X1 ♦ < F O Ml + F 0 P 2  ) » 
X I J * ( T 0 M 1 + . 5 * ( T 0 M 2 + S 0 P R P 2 ) )
C D A B B E T / ( R B T l ♦ R B T l ) ) ♦ V I * X I ♦ Q O M 1 ♦ < T 0 P R P 2 + S 0 M 2 ) 
€ 3 6 2 S 1 + ( A 9 4  . B / E L B T 1 )  ♦ I C 3 6 2 S 2 < - C 3 6 2 S  3 + C 3 6 2 S 4  ) 
+ C 3 6 2 5 5 + € 3 6 2 S 6
( ( 1 . - P O R  ) / (  9 6 .  ♦ R B T l  ♦ ♦ 4 ) )  ♦GOP I ♦TOMl  ♦ X U  
« < 1 . - P O R ) / C 1 6 . ^ R B T 1 ^ ^ 3 * E L B T 1 ) ) ♦ A 9 4 G 0 P 1 ♦ T O M l ♦ XJ 
( U . - P O R ) / ( 1 2 . ^ R B T 1 ^ + 3 4 E L B T 1 ) ) ♦ A 9 4 G 0 P 1 ^ T 0 M 1 4 X I J  
( A 9 + A 9 / 1 E L B T l ♦ E L B T l ) ) ♦ ( . ( 1 . - P Q R ) ♦ < 1 . ♦ ( . 1 8 7 5  
/ ( R B T 1 4 R B T 1  ) )  ) + Y O + P O R * X O )
( X I I / < R B T 1 ^ R B T 1 ) ) ♦ ( ! . + ( . 0 8 3 3 / ( R B T 1 4 R 8 T l ) ) + P G R  
♦ Y O + X O )
€ 2 6 1 0 1  + € 2 6 1 0 2  
( 2 . ^ X I / ( R B T 1 ^ R B T I ) ) + f ( A 9 4 A 9 / < E L B T 1 ♦ E L B T 1 ) ) ^ X J 4  
( 1 . - P G R ) / ( 1 4 4 . ^ R 8 T 1 ^ R B T 1 ) )
( X I ^ . 1 6  6 7 / R B T 1 ^ 4 4 ) ^ ( ( A 9 ^ A 9 / 1 E L B R 4 E L B R ) ) + X I I )  
€ 3 4 2 0 1  4  € 3 4 2 0 2  
C X I J / ( R B T 1 4 R 8 T 1 ) ) ♦ ( . 5 ♦ P G R 4 Y 1 »GM1 + . 2 5 + X1 ♦ ( 5 A 1 +
G M 1 - . 5 + ( F P 1 + F M 2 ) ) ) ♦ ( T P 1 ♦ . 5 ^ ( T P 2 + S P R M 2 ) )
( A 9 ^ A 9 / I E L B T l ♦ E L B T l ) ) ♦ < TM1 + . 5 ^ < T M 2 + S P R P 2 ) ) ♦ ( . 5 4  
Y 1 + G P 1 + . 2 5 4 P 0 R + X 1 ^ < S A 1 + G P 1  + . 5 ^ ( F P 1 + F M 2 ) ) )
- { 1 . - P G R ) ^ . 2 5 ^ A 9 + D A B B E T ^ Y 1 + X J ^ Q M 1 ^ ( ( T P R P 2 + S M 2 ) /  
( R B T l ^ E L B T l ) )
€ 2 0 9 1 1  + € 2 0 9 1 2  + € 2 0 9 1 3  
- P 0 R 4 . 5  4 < F M 1 + F P 2 ) ^ X J 4 { T P 1 + . 5 ^ < T P 2 + S P R M 2 ) )
. 2 5 ^ ( 1 . - P 0 R ) ^ ( F M 1 + F P 2 ) 4 X I ♦ ( TM U - . 5 Y ( T M 2 + S P R P 2 ) )
. 1 2 5 ^ X l ^ l S A 1 + G M 1 - . 5 ^ ( F P Î + F M 2 ) ) ♦ X I J ^ ( T P P P 2 + S M 2 ) 
/ ( B E T B T l ^ R B T l )
- ( . l 2 5 4 X l / B E r B R ) ^ C A 9 + A 9 / ( E L B T l ^ E L B T l ) ) 4 ( S A 1 + G P 1  
+ . 5 4 C F P  1-I-FM2) ) ♦ (  T P R P 2 4 S M 2 )
( . 5 ♦ A 9 ^ X l / ( A L P B T l Y E L B T l ) ) ♦ ( € 3 9 8 1 1 + C 3 9 8 1 2 )
+ C 3 9 8 1 3  +  € 3 9 8 1 4 ^ f  1 .  -  POR )
( X I J ^ G O M l ^ T O P l ^ I 1 . 4 P O R * Y O 4 X 0 ) / ( R B T l ♦ R B T l ) )
( X I J / ( R B T l ♦ R B T l ) ) ^ ( T 0 P 1 4 . 5 4 ( T 0 P 2 4 S 0 P R M 2 ) ) ♦ ( . 5 +  
P G R 4 Y 1 ^ G 0 M 1 4 . 2 5 ^ X 1 4 ( S A C 4 G 0 M 1 - , 5 Y ( F D P I 4 F 0 M 2 ) ) )
( A 9 ♦ A O / ( E L B T l ♦ E L B T l ) ) ♦ G O P l ♦ T O M l ♦ ( . 5 ♦ ( l . - P O R ) +  
Y 0 4 P O R + X 0 )
( A 9 4 A 9 / ( E L B T l ♦ E L B T l ) ) ♦ ( TOMI  4 . 5 4 ( T O M 2 4 S 0 P R P 2 ) )
♦ ( . 5 ^ Y 1  ♦ G 0 M 1 4 . 2 5 ^ P 0 R 4 X l  + ( S A 0 4 G 0 P 1 4  . 5 4 ( F 0 P 1  4 F 0 M 2  ) ) ) 
- ( A 9 / ( E L B T l ♦ R B T l ) ) ^ . 2 5 4 Y 1 Y D A B B E T ^ X ( 1 . - P O R  ) ♦  
Q 0 M 1 ^ ( T 0 P R P 2 4 S 0 M 2 )
€ 2 0 9 5 1 4 C 2 0 9 S 2 4 € 2 0 9 S 3  4 C 2 0 9 S 4  4 € 2 0 9 S 5  
( X I ♦ G O M I ♦ T O P I / ( R B T l ♦ R B T l ) )
( . 5 ^ X 1 ♦ A O / l E L B T l ♦ A L P B T l ) ) ♦ ( - . 5 ♦ P O R ♦ ( FDM1 4 F 0 P 2 ) 4  
X J 4 ( T 0 P 1 4 . 5 ^ ( T 0 P 2 4 S 0 P R M 2 ) ) 4 . 2 5 4 ( 1 . - P G R ) ♦ ( F OV1 4  
F 0 P 2 ) 4 X 1 4 ( T 0 M 1 4 . 5 4 ( T O M 2 4 S O P R P 2 ) ) )
( . 1 2 5 4 X 1 / ( B E T B T l ♦ R B T l  ) ) 4 X I J ♦ ( S A 0 4 G 0 M I - . = ♦ ( FOP 14  
F 0 M 2 )  ) ♦ (  T 0 P R P 2 4 S 0 M 2 )
- . 1 2 5 4 X 1 ♦ ( A 9 4 A 9 / ( E L B T 1 ♦ E L B T 1 4 B E T 8 R ) ) 4 ( 5 4 0 4 0 0 9  14
1 0 0
I IV G L E V E L  2 1 BUCK DATE = 7 6 1 6 2 1 6 / 2 5 / 5 1
1
1
C 3 4 8 S  =
C 2 O 6 0  =
L
C 3 3 2 B 1  =
I
C 3 3 2 B 2  =
L
C3  3 2 B  =
C 3 5 3 0 1  =
C 3 5 3 0 2  =
C 3 5 3 0 3  =
I
C 3 5 3 0  =
C 3 2 8 1 1
1
C 3 2 8 1 2  
C 3 2 8 1 3
1
C 3 2 8 1 4  =
I
C 3 2 8 1 5  =
I
C 3 2 8 1
[
C 3 5 8 S 1  -
1
1
1
2
3
I
1
2
I
1
C 3 5 8 S 2  =
C 3 5 8 S 3  =
C 3 5 8 S  
C 3 3 4 B 1  =
L
C3 3 4 B 2  =
I
C 3 3 4 B  =
RETURN
END
. 5 * ( F 0 P 1 + F 0 M 2 ) ) * ( T 0 P R P 2 + S 0 M 2 Ï  
C 3 4 8 S 1 + C 3 4 8 5 2 + 0 3 4 8 5 3 + C 3 4 8 S 4  
( . 0 8 3 3 * X I J * G 0 M 1 * T 0 P 1 / ( R 6 T 1 * * 4 ) ) + l . 5 * ( l . - P O R ) *  
G 0 P l * T 0 M l * { A 9 * A g / < E L B T l * E L B T l * 1 6 . * R B T l * R B T l  ) ) 
( A 9 * A 9 / ( E L 8 T 1 * E L B T 1 * R B T 1 * R B T 1 > ) * ( 1 . - P O P ) * ( - .  
1 6 6 7 * G O M 1 * X I * T O P I + . 2 5 * G O P 1 * X J * T O M 1 )
( . 1 6 6 7 * G O M l * X J * T O P I / ( R B T l * * 4 ) ) * ( ( A 9 * A 9 / ( E L B R * E L  
8 R ) ) + X I I )
C 3 3 2 B 1  + C 3 3 2 8 2  
( 1 . / (  R B T 1 * R B T 1 ) ) +  ( A 9 * A 9 / ( E L B T l * E L B T 1 ) ) * ( Y O + P O R * X O )  
( X I I / ( R 8 T 1 * R B T 1  ) ) » ( P O R * Y O  + XO)
( C( A 9 * * 4 / C E L 8 R * * 4 > ) + X I I I I + 2 * X I I * ( A 9 * * 2 / ( E L B R * * 2  
) ) ) / ( 1 2 . * R B T l * * 4 ) )
C 3 5 3 0 1  + C 3 S 3 0 2  + C 3 5 3 0 3
- ( P O R * . 5 * X I / A L P B T l ) * ( F M 1 + F P 2 ) * ( T P 1 + . 5 * ( T P 2 + S P R  
M 2 )  )
( . 5 * ( 1 , - P O R ) * Y 1 * D A B B E T * X I * Q M 1 / R B T 1 ) * ( G S M 2 - G T P 2 )
( A 9 * A 9 / E L B T 1 * E L 8 T 1 ) * ( T P 1 + . 5 * ( T P 2 + S P R M 2 ) ) * ( . 5 * Y 1 *  
GP1 + . 2 5 * P 0 R * X 1 * (  S A 1 + G P 1 + . 5 * ( F P I + F M 2 )  ) )
( X 1 * X I * . 2 5 / ( R B T I * B E T B T 1 ) ) * ( SA 1 +GM1 - . 5 * ( F P 1 +FM2  
) ) ♦ (  T P R P 2 + S M 2 )
( X I J / ( R B T l ♦ RBTl  ) ) * ( T M l  + . 5 * ( T M 2 + S P R P 2 ) ) * ( . 5 * P 0 R *  
Y 1 * G M 1 + . 2 5 * X 1 * ( S A l + G M l - . 5 * ( F P l + F M 2 ) ) )
( . S * A 9 / E L B T 1 ) * < 0 3 2 8 1 1 + 0 3 2 8 1 2 ) + 0 3 2 8  1 3 + 0 3 2 8 1 4  
+ 0 3 2 8 1 5
( G 0 M 1 * T 0 P 1 / ( R B T 1 * R B T 1  ) ) + ( . 5 * A 9 / E L B T 1 ) ♦ (  ( - . 5 * P 0 R  
* X 1 / A L P B T l ) * ( F D M 1 + F 0 P 2 ) * < T 0 P l  + . 5 * (  T 0 P 2 + S 0 P R M 2 ) ) 
+ . 5 * ( l . - P O R ) * Y l * ( D A B B E T / R B T 1 ) * Q 0 M 1 * X I * ( G 0 S M 2  
- G 0 T P 2 ) )
( Y O + P C R * X O ) * G 0 P 1 * T O P 1  + ( . 5 * Y 1 * G O P 1 + . 2 5 * P O R * X 1 *
( S A O + G O P l + . 5 * ( F 0 P 1 + F 0 M 2 ) ) ) * ( T O P 1 + . 5 * ( T Q P 2 + SOP  
RM2)  )
( . 2 5 * X 1 / ( B E T B T l * R B T 1 ) ) *<SAO+GOM1 - . 5 * ( F O P l + F 0 M 2 ) )  
♦ X I * ( T 0 P R P 2 + S 0 M 2 )
C 3 5 8 S 1 + ( A 9 * A 9 / ( E L B T 1 * E L B T 1 ) ) * 0 3 5 8 S 2 + C 3 5 f i S 3  
( G O M l / (  1 2 . * R B T l * * 4 ) ) * < ( A 9 * A 9 / ( E L B R * E L B R ) ) + X J J )
♦ ( ( A 9 * A 9 / ( E L B R * E L 8 R ) ) + X I I ) * T 0 P 1  
( 1 . - P 0 R ) * ( A 9 * A 9 / ( 6 . * E L B R * * 2 * R B T 1 * * 4 ) ) *
( G O P l * X I J * T 0 M 1 - G 0 M 1 * X  I I * T 0 P 1 )
0 3 3 4 8 1  + 0 3 3 4 3 2
1 0 1
I Ï V G LEVEL 2 1  MAIN DATE = 7 6 1 6 2  1 6 / 2 5 / 5 1
C
SUB ROUT I NE  GAUSJO ( A . N . M . D E T E R  )
C G A U S S - J O R D A N  REDUCTION
I M P L I C I T  REAL *  8  ( A - H ,  0 - Z  )
D I M E N S I O N  A ( 4 , 5 I  
NPM =  N + M
E P S  = 1 0 * * ( - 1 0 )
C B E G I N  E L I M I N A T I O N  PROCEDURE
DETER = 1 .
DO 9  K = I , N
C
C UPDATE THE DETERMINANT VALUE
DETER =DETER *  A ( K . K  >
C
C CHECK FOP P I V O T  ELEMENT TOO SMALL
I F ( D A B S ( A ( K , K ) I . G T . E P S  ) GO TO 5
C
C n o r m a l i z e  THE P I V O T  ROW
5  K P l  =K + 1
DO 6  J  =  K P l ,  NPM
6  A ( K . J )  = A C K * J ) / A ( K . K )
A ( K . K )  =1  .
C
C E L I M I N A T E  K ( T H )  COLUMN ELEMENTS EXCEPT FOR P I V O T
DO 9  I = ! , N
I F  ( I . E Q . K . O R . A ( I . K ) . E Q . O . )  GO TO 9  
DO 8  J  =  K P l .  NPM
8  A C I . J )  = A ( I , J )  -  A ( I , K ) * A ( K , J )
A ( I , K )  = 0 . 0
9  CONTI NUE  
RETURN  
END
1 0 2
IV G LEVEL 2 1 SUMS DATE = 7 6 1 6 2 1 6 / 2 5 / 5 1
C
C
C
5
4
SUBROUTI NE SUMS  
SUBROUTI NE SUMS  
I M P L I C I T  REAL *  
SUMS OF SQUARES
8  ( A - H ,  
E T C .
0 - Z  }
COMMON BLOCKS
C O M M C N / B L O C K I / B I T A U , S T A U B l , S E P S I Y, S C S I Y , SOHMQ1 • S P H I Y ,
1 S S I Y ,  SPHI  O Y . S S I O Y , S C S I O Y , S T H B B O , B l T A U l  .  ST AUBO , DCCHM,  S E S I O Y  
C 0 M M C N / B L K 2 / X I  • X I I , X I J , X J , X J J , X I I I I  
C O M M C N / 8 L K 3 / E P S A O , E P S A l
C O M M O N / 0 L K 4 / R 8 A L P , A L P B E L , A 3
C O M M O N / B L K 7 / C 1 1 3 0 , C 2 5 7 0 ♦ C 3 2 9 0 , C 1 2 3 1 , C 2 4 8 1 , C 3 6 2 1 , C 1 2 3 S . C 2 4 8 S , C 3 6 2 S ,
2  C l l 3 B , C 2 1 5 B , C 3 2 9 B , C 2 6 1 0 , C 3 4 2 0 , C 2 0 9 1  , C 3 9 8 1  , C 2 0 9 S  , C 3 4 8 S ,
3 C 2 0 6 8 , C 3 3 2 8 , C 3 5 3 0 . C 3 2 8 1 , C 3 5 8 S , C 3 3 4 8 , D E L T A  
COMMCN/ BLOCKS/ Ql  . B O B B E T , E L B R , A O B B O , B 0 B R , D A B E L . D C B R , T 2 E T 1 ,
1 A L P B E T ,  CLBR.  X O . Y O ,  XI  , Y l  . E P S , E P S B  . T E M P ,  AOBEL ,
2 F 0 P 1  , F 0 M 2 . T O P I , T 0 P 2 , S 0 P R M 2 , QOM1 . T 0 P R P 2 , S A O , S 0 M 2 . G O P l  ,  
1 Q M 1 , T P R P 2 , S M 2 , T M 1 , T M 2 , G P I , F M 1 . B E T B T l  . A L P B T l  . GOMl  ,
3 T 0 M 1 , T 0 M 2 , B E T B R , FOM1 , F 0 P 2 , 6 S M 2 , G T P 2 , G 0 S M 2 ,
4 G 0 T P 2 , GMl . F P l  . F M 2 . F P 2 . T P 1
C O MMO N / B L K 6 / P I  , 8  IBR , DCTAU,1
SUM! 0 . 0
SUVI I = 0 .  0
SUMI J 0 . 0
SUMJ — 0 . 0
SUMJ J 0 . 0
S M I I I I 0  . 0
DO 6  J = 1 *N
SUMJ = SUMJ + J
SUMJ J S U M J J  + J * J
DO 4  I = 1 , N
SUMI = SUM I + I
SUMI I = S U M I I  +  1 * 1
S M I I  I I = S M I I I I  + I * I * I * I
DO 5  J = 1 , N
SUMI J = S U M I J  +  I * J
CONT INUE
X I SUMI
XI I = SUMI I
X U = SUMI J
XJ SUMJ
X J J = SUMJJ
XI  I I  I = S M I I I  I
SUM 0 . 0
DO 5 0  I 1 , N
0 0  5 0  J I .  N
I F ( J  .EO . 1  ) GO TO 1 0
B I T A U ( I  -  J  ) * 8 1 8 R
SUM SUM +  D S I N I B I T A U
1 0
5 0
CONTINUE  
S T A U a i  = 2 .  *  SUM + N
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IV €  LEVE L  2 1 SUMS DATE =  7 6 1 6 2 1 6 / 2 5 / 5 1
1 5
4 0
7 0
6 5
DO I S  I = 1 t N
DO 1 5  J = 1« N
DCTAU •= < I -  J  ) ♦  DCBR
CONTI NUE
8 1 TAUl P I
SUMO 0 . 0
SU MO I = 0  . 0
SUMQ2 = 0 . 0
0 0  4 0  I = 1 « N
DO 4 0  J = 1 •  N
B1 OHM ( I + J  » *  8 1 BR
E P S I Y = BIOHM + Q l T A U l
CS lY BIOHM -  B l T A U l
SUMO = SUMO + 0 S I M 8 1 0 H M 1 / B 1 C H M
SU MO I SUMQl  + D S I N ( E P S I Y ) / E P S I Y
SUM02 S U M0 2  + D S I N < C S I Y ) / C S l Y
S E P S I Y SUMOl
S C S I Y = S Ü M 0 2
S0HM81 = SUMO
SUMI 0 . 0
SUM2 0 . 0
DO 7 0  I 1 ,  N
DO 7 0  J = 1 .  N
81 TAU ( I  -  J ) *  B i a s
P H I Y — B l T A U  + B l T A U l
S I Y B I T A U  -  B l T A U l
SUMI •= SUMI + D S I N < P H I Y 1 / P H I Y
SUM2 = SUM2 + D S I N ( S I Y ) / S I Y
S P H I Y ■= SUMI
S S I Y = SUM2
SUMTl = 0 . 0
SUMT2 0 . 0
DO 6 6  I 1 , N
DO 6 5  J 1 , N
TB ( I -  J  ) *  BOBR
P H I O Y = TB f  BOBBET
S I OY = T B  -  BOBBET
SUMTl = S U M T l  + D S I N ( P H I 0 Y » / P H 1 0 Y
SUMT2 SUMT2 + D S I N < S I O Y l / S l O Y
S P H I O Y = SUMTl
S S I O  Y SUMT2
SUMTHl 0 . 0
SUMTH2 = 0 . 0
SUMTH3 = 0 . 0
DO 6 2  I = 1 .  N
0 0  6 2  J = I «N
THB = ( I + J 1 ♦ 8 0 8 R
SUMTH3 = SUMTH3 + D S I N I T H B I / T H E
E S I O V = THB +  BOBBET
C S I O Y = THB -  BOBBET
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IV G LEVEL 21
6 2
20
6 0
C
C
C
4 2
SUMS
SUMTHl SUMTHl ♦ D S I N I E S I O Y
SUMTH2 ■= SUMTH2 + D S I N ( C S I O Y
S E S I O Y SUMTHl
S C S I O Y SUMTH2
STHBBO = SUMTH3
SUMT - 0 . 0
DO 6 0  I 1 «N
DO 6 0  J = I . N
I F  < J . EO .  I 1 GO TO 2 0
TH ( I - J » ♦ BOBR
SUMT SUMT + D S I N < T B ) / T B
CONTI NUE
STAUBO 2 .  *  SUMT +N
DO 4 2  I 1 «N
DO 4 2  J 1 «N
DCOHM = ( I + J ) *  DCBR
DATE = 7 6 1 6 2 1 6 / 2 5 / 5 1
RETURN
END
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APPENDIX B
Intermediate Calculations 
for Prebuckling and Buckling Analysis,
1 0 6
F o l l o w i n g  a r e  t h e  I n t e r m e d i a t e  c a l c u l a t i o n s  f o r  p r e b u c k l i n g  
a n a l y s i s .
C o n s i d e r  E q u a t i o n  3 . 1 0
L e t t i n g  P ^ ( e )  -  I ^ ( e )  + I ^C g) + I _ ( e )
From Appendix C-1
2 I i ( e ) / C 2  •  BoaobQ( i+n ( l+Sb)+n2 /8 (3+48^+S2^ ) )+
A Q a o b o / R 2 ( l + ç / 2 ( l + S ^ ) ( l + S ^ )  + ( 2 / 6 4 (
3+4Sa+S2a) ) (3+4S^+82^ ) . 2vAoBo /R( l+
n / 2 ( l + S ^ ) + s / 4 ( l + 8 ^ ) ( l + S ^ )  + n C / l 6 (
l +S ^ ) ( 3+^ S^ +S 2 t , )+ B§ ( l - v ) / 1 2n ^ao bo (
a o / B ) 2 ( l - S 2 b )  -  2vAQBQ/R(l+n/2( l+S^)+
G/4( l+S^)  ( l+S^ )  + n E / l 6 ( l + 8 ^ )  ( 3+43^+8 2 ^^
B g ( l - v ) / 1 2 r f a o b Q ( a o / 8)2(1-82%) (B-1)
2l2(c)/Ci -  BQaobo(l+r)[s+n(s-8b)+n^/8(3s-48b-82b)]
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CM m
1
1_1
k
1—1
XI
CM
to
1
1
m
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1_1
+
f—1
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CM
1
PQ \—'
x-x
Xi
;=r + XI CM K to CM
VO 1—i to to V . o5 + 4- to
V ■=r + CM O CM XI 1 .
OQ ce 1 09 < CO Xi to rH
o \ \ CO + 1 to -=r
o cn CM 05 + + *—^
CM £> •—« to iH on rH
W O VO ca XI -=r 1
+ <0 1—1 "V CM 1 CM ono 'V o to 'V cd x-x
X3 m k f (ti + on k to rH
to o C XI c 1 4-
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R> > VO 5h >v^
CM Xi k + 'v 1_1 VO N_r
CM to + on CM K 1—1
1 i f-4 ur V . \ CM
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+ #—» CM \ f--X m c to.
m ■=r -sr rH CM XI o 4- \
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\ w O + + > XI (t)
k Xi + Xi rH CM to
4- CM o Xi 1 4- CM
rH w Xi 05 to r—X 1—1 rH rH
r o to CM + <c5 V-r \
K 1 I . c rH to Xi CM
CO 1 CM 0) C
o VO > C k to to
Xi rH CM 1 + + 1 >
o \ V rH rH CM Xi k 1
(B XI c to Vw» rHCM O to + CMO ■=r ■=T X./
< on n m
+
O
m
+ +
on
CM O
CQB
Xio
n5
rHO
W
mM
CM
4-
VO
\
X» CMto u r
4- on
rH 4-
C XI
4- to
rH 1
1__1 CO
k
4- CM
t—1 >x
u r
X> 4-
CM (0
to 1__1
1
x> kto 4-
■sr f—1
1
CQ
B o n CM
O
XI CO Ko V V ,
OS CM o
rH C <
O 4-
\ 4-
X>
to I—1
1
U 10 XI
CM
on c r to
IH 4- 4-n XI
4- 1__1 to
z r
>) k 4-
rH u + o n
1—1 x«r rH X—^
«5 CM GO
c H V .•H CM O CM
CM 03 c r
ooo1—I
3 s - i l S ^ - S 2 ^ ) ] + r + ç / 2 ( r - S ^ ) ( l + S ^ ) + ç 2 / 6 l | ( 3 r - i } 3 ^ - S 2 ^ ) (
3+48^+8 2^ ) ) -2vA qBq/R ( ( 1+r  ) Cs+ n /2  ( s -8^^ )+ç / ^  ( s - 8^  ) +
n G / l 6 ( 3 s - 4 8 ^ - S 2 ^ ) ] + r + n r / 2 ( l + 8 ^ ) + G / ( r - 8 ^ ) ( l + 8 ^ )  +
n E / l 6 ( r - 8 a ) ( 3 + 4 8 b + S 2 b ) ) + B o ( l - V ) % 2 / 1 2 ( a o / B ) 2 [ ( l +
The p o t e n t i a l  e n e r g y  f o r  s t r e t c h i n g  i s  g i v e n  by
P^ (e )  » i ^ ( e )  + I ^ ( e )  + I  ( s )
hence
2P^(e) /C^aQbQ « Bq( 1+ s ) ( 1 + r ) ( l + n + 3 / 8 n ^ ) + (Ag/R)*(
l + s ) ( l + r ) ( l + ç / 2  +9 / 6 üç2 ) _ 2vAqBq/R(
l + s ) ( l + r ) ( l + n / 2 + ç / 4  + 3 n ç / l 6 ) + B ^ / 1 2 (
l _ v ) n 2 ( a Q / e ) 2 ( i + s ) ( i + r ) 3 + e  [B§(1+
n( l+Sb)+n2 /8(3+4S^+S2a ) )+(AQ/R)2 (
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1+ ?/2(l+S^)(l+S^)+ç^/6l}(3+i»S^+S2^)(
3+ilS^+S^^) ) - 2  vA^B^/R( l + n / 2 ( 1+S^) + 
D 2 d  o u  d
+ ç / 4 ( l + S  ) ( l + S ^ ) + n ç / l 6 ( l + S  ) ( 3 +  
a b a
4S^+S2b) ) '^Bo/12( 1—v ) n (aQ./S) ( 1 — ( B—5)
f o r  b e n d i n g
L e t t i n g  P^(%) ** J ^ ( x )  + J g f x )  + J g ( x )
2J^(x)/Dj^aQbQ »
( l + e ) [ ( A ^ / 6 H a ^ ) ( l + S 2 a ) ( 3 + 4 S b + S 2 b ) + ( A i / 6 4 bS ( 1 +S 2b ) (
3+ 48 .+ S_ , )  + ( 2 v A 2 / 6 4 & g 2 ) ( l + 2 S . + S _ . ) ( l + 2 S . + S _ . ) +a 2a 1 a 2a b 2 b
( 2 ( l - v ) A 2 / 6 4 a * e 2  ) ( l - S ^ b )  + ( 2( 1 - v  )B ^ /3 8 'I$ ^ ) (
2 2
1 - S - .  ) ( a . / R ) + ( ( l - v ) A T B - , / l 6 B  R ) ( l - S ^  ) ( 8  -C ) ]  ( 3 - 6 )2b 0 J- -i- 2b a a
( 2 ( J2 ( X )  + J^ (X) ) ) /D^aQbQ «
( A 2 / 6 4 a 4 ) [ 3 ( i + r ) ( l + s ) - ( 3 + 4 S ^ + S 2 ^ ) ( l + S 2 ^ ) ]  +
( A ^ y 6 4 B * ) [ 3 ( l + r ) ( l + s ) . ( 3 + 4 S ^ + S 2 a ) ( l + S 2 b ) ]  +
1 1 0
i 2 ^ k l / 6 H a V ) l  ( l + r ) ( l + 8 ) - ( l + 2 S a + S 2 a ) ( l + 2 S % + S 2 b ) ]  +
( 2 ( 1 - v ) b ^ / 3 8 ^ B ^  ) [ ( a ^ / R ) 2 ( ( i + r ) ( s + 82 y ) + r ( l - S 2b ) (
a o / R ) 2 ( r * + ( l + r ) 3 )  ]  +  ( 4 ( l - v ) A i B i / 6 4 e 2 )  C ( l
/ R ) ( l + r ) ( 8 + S 2 b ) + ( l - S 2 b ) ( l + r + C a - S a )  ] (B-7)
hence  E q u a t i o n  ( 3 . 1 1 c )
D e f i n e  t h e  f o l l o w i n g  t e r m s
^ s ' C C g / C i - l )  " ( D g / D ^ - l )  D^/C^= T^/12
£ a i “a^ bi /n RL » & o b g ( l + r ) ( l + 8 )  URL «aobp/nRL
Gg « ( T g / T ^ - l )  %  -  ( T g / T ^ ) ] -  1
Eb -  (3(1+Eg)  + cg )  Dg/Ci  = ( l + S b ) T l / 1 2
a on b^ " pn
m ■ RT_/@2 n «RT, /8 2
1 1 1
For Buckling analysis.
The elements of buckling determinant are multiplied by 
to make them dlmenslonless and Is as follows.
=> (Jn/2L)2(l+3B.+vA /R)+Z (1/R)2((1-v )/2(
11 1
1+(1 /4  8r 2 / t 2 ) )+Aq/R+Bq)
C°2 - (jn/2L)f (1/R)C(1+v )(1+Bq )-(1-v )/(16(R/T^)2)]
- (Jn/2RL)[2v(l+BQ)-? l^(l-v)/(l2(R/T^)^)]
-  (jn/2L)2[(3Bi/2*g_i+vA /4R*(Sa +g_i-(f+ i+f_2)/2))(
n
t+l+(T+2+S:2)/2)] - (jn/2L)B^d^/28R*(E^ lq_i(
T' +S )) +??21k/R^«(t +(T +S» ))(A /%R*(
+ 2 -2  2^ 2 - 1  - 2  +2 1
'1
* ( j n / 2 L ) ( B i d a / 4 $ ) q _ i ( l - v ) ( T ; 2 + 8 _ 2 ) - ( j n / 2 L ) (
B^/2R)(l-v)I k(t_i+(T_2+S;2)/2)%+i-(Jn/2L)(
(E l B i / R ) g _ i ( t+ + ( T + 2 + 8 2 2  ) / 2 )  + ( B ^ d^ "  k l /S R ^ g) *
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Cj •  - ( j n / 2 L ) ^ ( A j ^ / « c i ) ( f _ j + f + 2 ) ( t + l + ( T + 2 + S i 2  ) )+
n
[ A iV /2 g R ) ( S a ^ + g _ i - ( f + i+ f _ 2 ) /2 ) * Z  K T j g  + S _ 2 ) /2 -  
2 v B - / R ( t . , + ( T . _ + S ’ ) / 2 ) g  + ( A . ( l - v ) / 4 e R ) (
1  T l  Te! — —1  1
n 
l (T+2  + 8 _ 2 ) ] ( j n / 4 L )  + 
nn
(A ( l - v ) / 8 o R ' ^ ) ( f  +f  ^ ) E Z l k ( t  +(T + S \  ) / 2 )  +
1 - 1  +2 -1  -2  +2
(Bid^/8R )? l q _ ^ ( T ; 2  + S . 2 )
C^l  -  ( j n / 2 L )^ [ ( l+ 3B Q +v A g /R )g °^ t ° ^  + (3 B ^ / 2 ( g °^ )  +
(vA^/4R)(S^^+g°^-(f°^+f°2) /2))*(t°^+(T°2+Sj[_^ ) / 2 ) ]  
_ ( j n / 2 L ) ( B i d a /  BR)? l q ° i ( T * , °  +S°2)  + ((  d - ' »  ) /2+
A c / R + B o ) S ? i t 2 l + ( t _ i + ( T ° 2 + S ; 0 ) / 2 ) * (A^/^R(8 , ^+
n n
g ° i + ( f ° i + f 2 2 ) / 2 ) + B i g J i  / 2 ) ) 2 Z  Elk/RZ
-  (jn/2L)Z(B d ( l - v ) / 4 0 ) q O  ( T ' °  +3° ) - ( jn /2 L )(
12 l a  - 1  +2 - 2
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( l - v ) / 2 R ) E  k ( 2 ( l + B o ) g O j t ° + B ^ g J ^ ( t ° ^ + ( T ° 2 + S » °  ) / 2 ) ) -  
( j n / 2L)(v?  l / R ) ( 2 (l+Bo )8L^t+i+g° iBi (t+i+(T+2+Sl2 ) / 2 ))
+(B .da /2R6  )S Ek iq°  ( T ‘ °  +S° ) 
l a  1 1 - 1  +2 - 2
c ? ,  — ( j n / 2 L )  (A / 2 a ) ( f °  + f °  ) ( t °  +(T° +S '0  ) / 2 ) + [ .  
13 1 - 1  +2 +1 +2 -2
( A ^ v / 2 R 6 ) ( S ^ ^ + g 2 i - ( f % i + f 2 2 ) / 2 ) E  +S°2 ) /2 -
2v/R( 2(l+BQ)tJ +^B^ (t J^ +(T°2+S^ 2^ /2 ) )g°3^ +
(A^ ( l -v ) / i 4BR) (Sg^^+gJ j+( f °3^+f22) /2 )^  K
+ S ^ ^ ) ] ( j n / 4 L ) + ( A ^ ( l - v ) / 8 a R  2 ) ( f O ^ + f O ^ ) ? E k l (  
0 0 0 5 n 0 , 0  0 V
+S_g)
0®,  -  ( ( 1 - v ) / 9 6 ) / ( R / T , ) ' '  "  Î  k l11 1 +1 «I  2^
C® -  ( d - v ) / 3 2 R / ( R / T ,  ) ^ ) ( j n / L ) g °  Z k°2 ( l - ) / i ) < ) ( j / ; i t % i  ^ 
CB « ( ( l _ v ) / 1 2 R / ( R / T . ) 2  ) ( j n / 2 L )  g°  t ° . E  ?ki  
13 * ** 1 1
Cgg •  ( j n / 2 L ) 2 [ ( ( l - v ) / 2 * ( l + 3 / ( l 6 ( R / T y 2 ) ) + B o + v A o / R ) +
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"  . 2 , ,  _  x2-( :  1 / R ) < ( 1 + 1 / ( 1 2 ( R / T ^ ) = ) +  Bq+Ag/R)
n _ n
0°  - 2 2  1 / r 2 + ( j n / 2 L )  ( ( 1 - v) / ( i 1|4(R/Tt ) ‘=^))I 1 +
23 1 ^ 1
n 5 0 ^ 2
(E l / 6 ) / ( R / T i ) 2 ( ( j n / 2 L ) ^  +(E 1/R r
n n
C j .  =E EikC B . / 2 ( g  )+A /4R(S +g _ ) / 2 ) ] *22 1 1 1 - 1 1  - 1  +1 - 2
( t+ i+ (T+2+  8^2 ) ) / R 2  + ( j n / 2 L ) 2 ( t _ ^  +
(T+2+S I 2 ) / 2 ) ( B i S + i / 2  +(vA^/4R)(S^^+
S + l + ( f + l + f _ 2 ) / 2 ) ) - ( J " / 2 L ) ( ( l - v ) d a B i / 4 R 6 ) *
J k q _ l ( T :2 + S _ 2)
C^3 = ( J n / 4 L ) [ - v A ^ / 2 a R  " ( f . i + f + g )  E k ( t ^ ^ + ( T ^ 2 + ^ l 2 +
( A i ( l - v ) / 4 * R ) ( f _ i + f + 2 ) z  l ( t _ i + ( T _ 2 + S ^ 2  ) / 2 ) ]  +
(A^/8 j R2 ) ( S a ^ + S _ i - ( f + i + f _ 2 ) / 2 ) i r k l (Tjg  +S_2) -  
( A i ( l - v ) / 8  6 ) ( j n / 2 L ) 2 ( S a ^ + g + i + ( f + i + r _ 2 ) / 2 ) *
(T;2
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-  ( l / R 2 ) + ( j n / 2 L ) 2 ( B o  +vAg/R)+( e1 / R ) ^ ( vBq+Ao/R)+
[ ( j n / 2 L ) 2  + ( Z l / R )^ ]^ ( T ,^ / 12 )
1 ^
C^3 “ ( j n / 4 L ) ( - ( v A ^ / 2  R ) ( f _ i + f + 2 ) ( t + i + ( T + 2 + S l 2  )/%)+
( ( l - v ) B - d  / 2 gR )q  , E i ( G ^ , - G ^  ) ) + ( j n / 2 L ) ^ ( t ^ , +1 a -1]^ - d  +2
(T+g+S^g ) / 2 ) ( B ^ g + ^ / 2  + v A ^ / 4 R ( 8 g _ + g + i+ ( f + i + f _ 2 ) /2 ) ) +
g n
(A /%6R2)(S +g T - ( f+T+f  _ ) / 2 ) Z l ( T '  +S ) +
1 1 +2 -2
( Z E ^ l / R 2 ) ( t _ i + ( T _ 2 +  S ;g  ) / 2 ) ( v B ^ g ^ ^ / 2  +
(A^ /HR)( S a ^ + g _ i - ( f + i + f _ 2 ) / 2 ) )
^33 “ ) + ( j n / 4 L ) t - v A ^ / 2 o R ) ( f ^ ^ + f + g )(%+!+
m n n n on mn
(T+gf  S 2 ^ ) / 2 ) + ( ( l . v ) B i d a / 2 R 6 ) q _ i  Zi (G_g-G+g) ]+  
( J n / 2 L ) ^  ( ( B q + v A q / R  ) g ° ^ t ° ^ + ( B ^ g ° ^ / 2  ) + ( v A ^ / i J R  ) (
S ^^ +g % i + ( f ; i+ fU g ) /2 ) ) ( t U i + ( T % g + S 2 % ) / 2 ) )+
( A i / 4 6 R ^ ) ( S ^ ^ + g ° i - ( f ° i + f ° g ) / 2 )  ElCTlg+gOg)
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C^2 " (1 +  Bq +AQ/R)g2i£ E ik t J ^ /R ^  + (vB^g°^ /2  +A^/ilR*(
Sg^^+g°i-(f°i+f°2 )/2 ) ) (t°^+(T°2+Sl2)/2 U E Ik/R^
+ ( ( l - v ) / 2 ) + B o + v A o / R ) ( j n / 2 L ) 2 g + i t ° i + ( t ° i + (
T°2+S;^ ) / 2 ) ( B i g 2 i / 2 + v A i / 4 R ( S a ^ + g ° i + ( f O  + f ° 2 ) / 2 ) ) < ‘ 
( j n / 2 L ) ^  -  ( j n / 2 L ) ( ( l - v ) / 4 R ) B ^ d ^ /  » ^-2^
* I ig°,t° /R^ +(jn/4L)[-(vA /2aR)(fO +fO ) E k(
23  1 - 1  +1 1 -1  +2 1
t+l+(T?2+Sl2)/2) +(A^(l-v)/^aR)(f°^+f°2) E i (
t ° ^ + ( T ° 2 + S | 2 ) / 2 ) ]  + ( A ^ / Ü e R 2 ( S ^ ^ + g ° ] ^ - ( f J i + f Ï 2 ) / 2 ) *
(E E l k / 2 ) ( T ' °  +S° ) -  ( j n / 2 L )  ( A , ( 1 - v ) / 8 b )(
1 1  +2 - 2
0 0 0 G O
+ g + l + ( f + l + f _ 2 ) / 2 ) ( T l 2  + S_2)
e g .  » E E i k ( g O , t ?  / 1 2 ( R / T , ) 2  / r2) + ( j n / 2 L ) 2 ( ( l - v ) 3 /
1 1  **
3 2 ( R / T ^ ) 2 ) g 0 ^ t ° i  
-  ( j n / 2 L ) ^ ( ( l - v ) / ( R / T ^ ) 2 ) C - g ° ^ E i t ° ^ / 6  + g ° i E k t ° ^ ] +
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C ? o  “  ( g ^ T T ? / 1 2 ) [ ( j n / 2 L ) ^ +  ( Z k / R ) 2 ] [ ( j n / 2 L ) 2 + ( E 1 / R ) 2 ]- i  J. 1 1
n 9 0 n n 0 n n * n
+ ( ( l « u ) / 6 ( R / T ,  ) ‘^ ) ( J n / 2 L ) ‘^ (g , E  Z k l t
1 1  "•*■1
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APPENDIX G
EVALUATION OP INTEGRALS FOR THE 
APPENDIX B
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C-1 Evaluation of Integrals for Prebuckling.
Consider the Equation (3.10). Each term in the integral 
is written separately and integrated for the limits 
specified in the Chapter 3.
- bJ +B„B,+3/8B^ +(B„B +B^/2)Co s (Y/6)+bJ/8Co s (2Y/0) 
X 0 0 1  1 0 1 1  1
2
//e^ dx dy » X[(Bq +BqB^+3/8B^ )Y+B^/2(2Bq +B^)*
BS in ( y / B)+  (B ^ 6 / l 6 )S in C 2Y /B ) ]
limits
l i m i t s
Ey^ =(Ag+AiCos^(X/2a)*Cos^(Y/20))
2
//e° dx dy » X[a2+9a 2/64 +AqA^/2]Y +( (3A^/16)+(A^A^/2)(
(YoSin(X/a)+X0Sin(Y/6))+(A^/i|+A^A^/2)»
a BSin(X/o)*Sin(Y/6)+(3A^/128)(oYSin(2X/a) +
2
(A^o 0/32)(Sin(X/a)Sin(2Y/0) +Sin(2X/o)*
Sin(Y/g) +Sin(2X/a)Sin(2Y/e)/8)
Letting A^/A^-s and B^/Bq « ;
1 2 0
limits
limits
2vc°e° — 2(vA B /R)[l+ç(l+Cos(Y/0)/2 +Ç(l+Cos(X/o) +
C o s ( Y /e ) + C o s ( X / o ) C os ( Y / B ) ) / 4  +ç ç ( 1 .5 + 2C o s (Y /e )  +
5 C o s ( 2 Y /6 )+ 1 .5 C o s ( X / a ) + 2C o s ( X /a ) C os ( y / 8 )  +
. 5 C o s ( X / a ) C o s ( 2 Y / 8 ) ) / 8 ]
/ / 2 v e ? e °  dx dy — (2vA B / R ) [  XY+.5c(XY+X6Sln(Y/8))  + A y
.25C(XY+oYSln(X/a)  +8XSin(Y/8)  +a $ S l n (X /a )*
S i n (Y / 8 ))  + ( ( 5 / 1 6 ) ( 3XY+4XBSin(Y/G)+»5X6*
S ln (2 Y/ g )  +3aYSln(X/a)  + 4 a 6 S l n ( X / a ) S l n ( Y /8 ) +
.5 a 8 S i n ( X / a ) S i n ( 2 Y / B ) ]
l i m i t s
l i m i t s
2 ( l - v ) e ° y  » ( B Q ( l -v ) C ^ / i i e ^ ) X ^ ( l  -  Cos(2Y/B) )
/ / 2 ( l - v ) c ° y  dx dy - ( B q ( 1 - v ) ç^ / 126^ )X^(Y- .5  S i n ( 2 Y / 6 ) )
Hence I ^ ( e )  e t c . .
I n t e g r a l s  f o r  t h e  c u r v a t u r e  s t r a i n s  a r e  a s  f o l l o w s ;
1 2 1
l i m i t s
l i m i t s
M
roi\j
tu X ru X X X XX < X X  o X X  o
ru M ru X ru t\
1 X X o X X
M e X o X X  o X o
1 V_^ X X  o ru a ru B
< X X  o P . p .
"—' X o c a X X
X ru p . /—% > >
X o X a M tu P , H* ru
<< ru B > X X X X
p . M IU ON o \
p . X X \ H J=- a s=
X CD M W DO p
H-* ru 1 a tu 4=r J5:
a o <: p VJI > U1 >
<< ru tu p M tu DO M  ru
X \ X DO 03 M 03 M
K ro UÜ + 5> ru l-k X + H» X +
\ ru ru H* ru 3 en O 3 en O
ru p m \ y—s j=- O O
l-< W tu 03 uo M tu DO en tu p en
1 t'j •» H» tu + X XT X j=-
C ru 3 p ru X ru X •'—y ru*,_y y—X ru o p 1---1 X DO (—l X
\ + X X» o X X
w H> 'X ru en X DO X P
ru ru 9 r» 1__1 + 1__1 +
o e O y—s X y—X «
ru X O + X X VJI U3 U1 LUxa > ca « + p t-J I-* DO + M H* p +
tu M ru H- H* 03 J=r t-k l-k c/3 Xr
''—' W ru T» p + 3  3 H* O 3  3 H* O
t-> X 03 03 o H* I-* 3 o t-k f-k 3 O
\ H* H* o et e t y—>, en et et en
1 » T» 3 3 co en en ru y—\ en en ru y—s.
X X X X
\J1 03 ru X ru X X X Xw H" /—X X \ X DO p p DO
C/î 3 > 'X P X "k—X
H* I-* ru ÜO p + +
3 X 1 + o o
\ > • w o LU o
tu Q M ru \Ji X en X en
K o W  t - : P H» + +
\ o H" H - 03 o + J r ru Z r r u
■oo co 3  3 H" o ru P X DO X/—X H- H - 3 en O X 03 Xv_^ ru Cl- et o 1-J* p l-k DO
X en en r u r u en 3 ■%. _y 3 '—y
> \ X X ,—s y—X 'w* y—■
M ru a \ \ X X X
p u > X X X
N--^ DO p DO
+ w '—
+ + - t
X-»5a81n(2X/o) )+(B2o2x3 /6R2)+(2aA_B. /R)(1 1 1
- a X C o s ( X / a ) + a ^ S in ( X /a ))
l i m i t s
l i m i t s
C-2 E v a l u a t i o n  o f  I n t e g r a l s  f o r  B u c k l i n g .
da+ai
f  ( l ± C o s ( j n X / L ) ) d x  -  2 a - [ l ± C o s ( j n d , / L ) ( S i n ( j n a , / L )
d a -^ 1  '
/ ( j n a ^ / L ) ) ]
2 a i [  ]
d_+b.  n 2 n
/  G E Co s ( l Y / R ) ]  d y -  Z b ,  ( l + C o s ( 2 i d V R ) *
1 1 ^
( S i n ( 2 i b i / R ) ) / ( b ^ /R ))
d +a-
/  ^ -*-(l ± C o s ( i n X / L ) ( l + C o s ( ( X - d ^ ) / a ) ) d x  »
d a - a i
2 a ^ + 2 o S i n ( a i / o )  ( 2 / j n / L ) ( C o s ( j n d ^ / L ) ) S i n ( j n a i / L )  + 
C o s ( d ^ / o ) [ C o s ( ( j n / L ) - ( l / o ) ) d ^ ( S i n ( ( j n / L ) - ( l / a ) ) a ^ ) /
( ( J n / L ) - ( l / a ) )  +
( C o s ( ( j n / L + ( l / a ) ) d ^ ) ( S i n ( ( J n / L ) + ( l / a ) ) a ^ ) /
( ( j n / L ) + ( l / a ) )  ] +
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Sln(d^/a)C-(Sln((jn/L)-.(l/a))d^)(Sln((jn/L)-(l/a))a^)/
((jn/L)-(l/a)) +
Sin((jn/L) + (l/ci)d^(Sin((jn/L) + (l/o))a^)/((jn/L)+(l/a))] 
Letting
<}»^*a]^((Jll /L)+(l/o) ) * 2 * # i ( ( j n / L ) - ( l / a ) )
S ^ ^ » ( S i n ( a ] ^ / o ) ) / ( a i / a ) -  0 s ^ ^ ^ * ( S i n ( j n a ^ ^ / L ) ) / ( j n a ^ / L )
«(Sin((JH/L)+(l/a))a,)/((jn/L)+(l/a))a,
*X 1 -L
S. »(Sin((Jn/L)-(l/a))a )/((jn/L)-(l/a))ai
X
$ = Cos((jn/L)+(l/a))d $ * Sln((Jn/L)+(l/a))d^
(t, » Cos((jII/L)-(l/a))d^ = Sin((Jn/L)-(l/a))d
'^d ^ '*'d-
a ^
« Cos(d^/a) » Sin(d^/a)
hence the Integral is
± . 5 ( f + i  t  f . 2 > 3
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where
f , T " $ (& S + (); S ) 
+1 o »x *d *x
a a
' - 2  ■ : » x '
do+b i  nf i  ECoB(lY/R))^*(l+Co8((Y-dg)/g) dy
d c - b i  1
n n
-b i  E ! t t+ i+  .5$ ,^  (t+ 2 +t+ 3 )+ .5S ,^  (S .J - S . 3 )
L e t t l n g
“ (Sin(xbj^)) /Tbj^ 6 » Co8(?d )
^ c °
S » ( S i n ( i ç b  ) ) / i e b ,  
^b^ i  X
i  « Cos(iedç)
8 *y -  (S ln (* y )) /* y $ « Sln(T d.)
I d c  1
d +a,
/  ^ •^Sin(JnX/2L)Cos(JnX/2L)  •  [X-d ] «
d a - » !
'da "=1 ' = 1  "da
d^+b^ n n ico8(lY/R)Sln(kY/R)81n((Y-d )/g) dy 
d o - b l  1 1
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• E  I . 5 b , l [  ( t . s + t . , ) -  ( s + 3- 8+2 ) ]
1 1  a .  3 I d .
d +a_
/  ® ^ S ln ( JnX/L)Sln ( . (X-dg^) /a )  dx = - ( f _ ^ +  f + g i a i
d a - * !
d . + b .  n n
f  ^ ^ Z I i C o s ( l Y / R ) C o s ( k Y / R ) S l n ( ( ï - d  ) / e ) )  dy
d c - b i  1 1
■ -SbiCGfg -  « I z  3
F o l l o w i n g  a r e  t h e  symbols  f o r  s i m p l i c i t y .
4? 8* + d;$ 8$ -  t  = s .
dc y dg y -3  dg y d^ y
4* 8* i U  S* -  t ^ 2  '^¥ SY t  = s^3
d .  y dg y do y dg y
a a a  a
^ "d  -  * i i  '  :  ® i ic 1 c 1 1 1
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" c  '  " c
( t . 2  :  t . g )  "  t ;  i r  ( s_^  *  S . 3 ) .  s ; ^
c c
V  V - \ '  ' %■a “ 1 ^1
( s_2  i  ®-3  ^ * ®+2 f ? l d  ( ^+2- ^ + 3 ) ” ®+2
( T  +  T ^ ) b ^ » ^ y  ( T  -  T ^ ) b l  - l | » y
(ic  +  T i ) b ^ " $ y  ( le -  T ^ ) b ^  « Ÿ y
+ ' l > W  ( "  -  ’ l>«o " V
T « ( k - l ) / R  " ( 1 / B )  K •  ( k + i ) / R
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